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Abstract. We examined the non-linear stability of triangular equilibrium points in the
photogravitational elliptic restricted three body problem with Poynting-Robertson drag. In this
problem, the bigger primary is taken as radiating and smaller primary is assumed to be an oblate
spheroid. We performed normalization of Hamiltonian of our problem. Using Whittaker (1965)
method we have found that the second order part H2 of the Hamiltonian is transformed into the
normal form. We have found normalized Hamiltonian up to fourth order. To find the condition of
non-linear stability, we have used KAM theorem. We have found three critical mass ratios. We came
to conclusion that triangular equilibrium points are stable in the non-linear sense except at three
critical mass ratios at which KAM theorem fails.
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1 Introduction

We have studied non-linear stability of triangular equilibrium points in the photogravitational elliptic
restricted three body problem with Poynting-Robertson drag. The elliptic restricted three body problem
(ERTBP) is a generalization of the classical problem. The eccentricity of the orbits plays a significant
role. In ERTBP, the primaries move in an elliptical orbit in the plane around their common centre of
mass. The orbits of most of the celestial bodies are elliptical rather than circular. Thus ERTBP gives
more accurate results than circular restricted three body problem (CRTBP).

The primaries in classical CRTBP are strictly spherical in shape but in actual situations, we find that
several heavenly bodies such as Saturn and Jupiter are sufficiently oblate. The oblateness of primaries
affects the motion of the infinitesimal mass. This motivated many investigators to study CRTBP with
oblateness of the primaries, such as Bhatnagar and Chawala (1983), Elipe and Ferrer (1985), Ishwar
(1997) and many others. Due to the vital role of oblateness of primaries, we supposed smaller primary as
an oblate spheroid in this problem.

The photogravitational effect arises from the classical problem when at least one of the interacting
bodies exerts radiation pressure, for example, Sun-Planet system or binary star system. The photo-
gravitational RTBP under different aspects was studied by Radzievskii (1950), Chernikov (1970),
Schuerman (1980), Singh and Ishwar (1999) etc. Ishwar (1997) examined non-linear stability in the
generalized restricted three body problem when infinitesimal mass is taken as an oblate spheroid. Subba
Rao and Sharma (1997) studied effect of oblateness on the non-linear stability of L4 in the RTBP Sahoo
and Ishwar(2000) examined stability of collinear equilibrium points in the generalized photo-
gravitational ERTBP. Kumar and Ishwar (2009) investigated the solutions of generalized photo-
gravitational ERTBP. A.Narayan and C.R.Kumar (2011) studied the effect of photogravitational and
oblateness on the triangular equilibrium points in the ERTBP. Singh and Umar (2013) located and
examined the stability of the out of plane equilibrium points in ERTBP with radiating and oblate
primaries. A.Narayan et al. (2015) studied the trajectories of the infinitesimal mass around the
triangular equilibrium points in the elliptical restricted three bodies’ problem under oblate and radiating
primaries for the binary system.

The Poynting-Robertson (P-R) drag named after John Henry Poynting and Howard Peray Robertson,
is a process by which solar radiation causes dust grains in a solar system to slowly spiral inward.
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Poynting (1903) considered the effect of the absorption and subsequent re-emission of sun light by small
isolated particles in the solar system. His work was later modified by Robertson (1937) who used precise
relativistic treatments of the first order in the ratio of the velocity of the particle to that of light.
Murray (1994) studied the effect of drag forces on the location and stability of five Lagrangian points in
the planar CRTBP. The linear stability of triangular equilibrium points in the generalized photo-
gravitational restricted three body problems with P-R drag was studied by Ishwar and Kushvah
(2006).They found that triangular equilibrium points are unstable due to P-R drag. Kushvah et al.
(2007) studied the effect of P-R drag on non linear stability of generalized photogravitational restricted
three body problem. They used KAM theorem and found that triangular equilibrium points are stable in
non-linear sense except for three critical mass ratios. Mishra and Ishwar (2016) studied linear stability of
photogravitational elliptic restricted three body problem with Poynting-Robertson drag.

Mishra and Ishwar (2015) studied first order normalization of Hamiltonian in the photogravitational
ERTBP with P-R drag. They found the values of first and second order components are affected by
radiation pressure, oblateness and P-R drag. Hence,we aim to study non-linear stability of triangular
equilibrium points in photogravitational ERTBP with P-R drag.

2 Equations of Motion

We consider two bodies (primaries) of masses m and m, withm >m, moving in a plane around
their common center of mass in elliptic orbit and a third body (infinitesimal mass) of mass m moving in
a plane of motion of the primaries. Equations of motion of our problem in rotating and pulsating co-
ordinate system are given by Sahoo and Ishwar (2000):
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Here, dash(') represents differenciation with respect to eccentric anomaly (E).The mean motion of our
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problem is given by

7=y =1 = ———
ml+m2

Here, m, , m, are the masses of the bigger and smaller primaries. (z,,0,0) and (z,,0,0) are the

1

coordinate of m and m,respectively. ¢ is mass reduction factor and W, is P-R drag due to bigger
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primary m, . A =- is oblateness coefficient due to smaller primary m, , where r, r , r
1 2 e’ p?

represent equatorial radii, polar radii and radius vector respectively. 7 ( =1 2) are the distances of the
infinitesimal mass from m and m,respectively. Semi-major axis and eccentricity of orbit are denoted

by a and e respectively. ¢, is dimensionless velocity of light (c, = 299792458)

3 Triangular Equilibrium Points

Using perturbation method, we have found location of triangular equilibrium points. For triangular

equilibrium points U =0, UU =0, y#0 and z=0 then we have

VVIaI/Q A2 3¢’ H 2/3 2/3 A2 7e? P
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4  First Order Normalization
The Lagrangian function of our problem is written as
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where v is true anomaly and the Hamiltonian H :—L+p1:ic+pyy7 p,, b, are the momenta

. . oL . . W(z+u oL
coordinates given by p =-—=1i-0y+——", p, = >
‘ Y

01 or?

1

For simplicity, we

— =Y
1

suppose ¢, =1-¢ with &[J 1. Then triangular equilibrium points take the form
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We shift the origin to L, (triangular equilibrium point).For that, we change 2z — z, +2 and
y >y, +y. Wesuppose a, =z, +u and b, =y, , so that
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Expanding L in power series of z and y, we get

L=L +L+L +L, 11)
H=H +H +H,+H =-L+pi+py 12)
where L ,L,L, L, are constant, first order, second order, third order terms respectively.
1 y?
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where FE,F,G are same as in Mishra and Ishwar (2015), T, N, are given in Appendix1 (i =1,2,3,4).

The second order part H, of the corresponding Hamiltonian takes the form
2 2

p'r+py . 2 2
H :T+v(ypx —xpu)+Ex + Gry + Fy (16)

2
Now, we perform transformation from the phase space (z,y,p,, P, ) into the phase space (¢,,¢,,1,1,)

with the help of Whittaker (1965) method. We suppose set of linear equations of variables z and y
OH, 1< OH,
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Clearly |A| =0 implies that the characterstic equation corresponding to Hamiltonian is given by

,14+2(E+F+n2);t2+4EF—G2+n4—2n2(E+F)=0 (17)
Discriminant is given by
D=4E+F+n’) —44EF -G’ +n' =2n°(E+ F) (18)
Stability is assured only when D >0. When D >0 the roots *im and +im, are related to each
other as
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Following the method for reducing H, to the normal form, as in Whittaker (1965), we use the

transformation X = JT where

T Q1
x=|" T = @,
P, Iy
P, F,

and J = [J ]] \ is a matrix of order four.
1<i, j<e

1/2 21 )
P = (2].(0,) cosp. @ =|—| sing
1 1 1 1 1 a) 1

We follow the approach of Breakwell and Pringle (1966) and choose J, =J, =0, H, takes the

form
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Applying a contact transformation form @,Q,,F,F, to QI,Q27131,P2 defined by Whittaker (1965)
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The transformation changes the second order part of the Hamiltonian into normal form

H =0l -o,l, (22)

2

5 Second Order Coefficients in the Frequencies

Using Henrard’s method (1990), we observe that the third order components B“’ and B”1 in the
coordinates z ,y and the second order polynomials f ~and g, in the frequenmes ¢, and @,
satisfy the partial differential equations
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E,F are same as in Mishra & Ishwar(2015). X,,Y, are the homogeneous components of order three

) . 0 0 ol o1 . OL 0L, oL, 0L,
obtained by putting z=B" +B,",y=B" + B in —+— and =+ .
or Ox oy Oy

The coefficients B;O and B;J’l are not required to be found out. We find the coefficients of
cos@,sing, ,cosp, and sing, in the RHS of equations (25) and (26). They are the critical terms .We

eliminate these terms by choosing properly the coefficients in the polynomials
f2 = fZ,[)Il + ‘)([.),2]2 and gZ = gZ(]'Il + g[),2]2

where
_ 1 Coefficients of cosg in ¢, 32)
209 Coefficients of cos @, in P -
1 Coefficients of cosg, in ¢,
Jil.z =90 =5 .. : ] 2 = (33)
© 2 Coefficients of cosg, in Q
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0, = 1 Coe 1(.21(?11 s of cos@, 1.n Vi _ 4 (34)
2 Coefficientsof cosg, in Q
with
A=A (A, + A)e (At Ay )4+ (4, + Ay )W+ (A + A7) We (39)
B=B + (Bm + BLS;/)S + (BM + BL;_)}/)AQ + (Bw + B”}/)Wl + (Bm + BLU)/)VVleQ (36)
C= 01‘1 + (01.2 + 01‘37/)8 + (01.4 + 01.57/)"42 + (CLG + C1_77)VV1 + (C1.8 + 01.97) I/V162 37
where 4 ., B, and C,, areasin Appendix 2.

6  Stability

For this, we used KAM [Kolmogrov(1954),Arnold(1961),Moser(1962)] theorem. This theorem states that

i) If the basic frequencies @, and @, for the linear dynamical system satisfy the inequalities
ko, + ko, #0 for all pairs of integers(k , k,) such that |k1| + |k2| <4

ii) D =det (dl ) # 0, where

°H .
= oror =0,1,=0,(i,j=12)

i —q =1 (i=12).d, =0 and

i3 30 ol ’ 133

H=o0l -0l + %(A[f +2BLI,+CI’ ) +.....

The Normalized Hamiltonian with [ and I, as the action momenta coordinates, then the
equilibrium point is stable for all orders.

Now
wl kQ
ko, + ko, =0 —=—2% (38)
2 1

. 1 ,
Since 0 <@, <—=<wo, <1, s0 >1.

2 o,
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k
Equation (38) is true if & and £k, are of opposite signs and k—Q > 1. Thus, two cases arise.
1

o, =20, and o =30, (39)
Case 1
o, =20, (40)
With the help of equations (40) and (20), we get

)-8 e A a9 A Wa” (97 2550 394" 1l11¢'a*”
H T—S——98——— 5—25+19— - —+ + +
5

2 4 2 33 15 5 5
9 49¢ 1057TA, (9 9g 1964A ) Wa'" (1435 2378¢"" 4784"° 517¢%a*?
Uy ——+——2+ -+ z |+ + + + (41)
2 50 100 2 (2 50 50 33 40 40 40 40

200 25 3

25 200 8

391e 364, o (12 48¢ 24A2J Wa'? ( 2531 202000 174320"° 158162(12/3] L

33 L 200 B 200 200
Solving it for i we get
4 = 013456521 + 0.010837376a"" —0.2132543172¢
—0.09943800795a%* — 0.0234501243114, — 0.0134004333114,0°"° (42)
+0.62563948950W + 0.37541234521W,0** +0.723568230512W ¢’
Case 2
o, =30, (43)
With the help of equations (43) and (20), we get

Ll-18 e A a9 A Wa” (327 2470 4174 185¢%a*”
u 7—5——98——7 5—28-&-19- - —+ + + +
5

2 ) 33 5 5 5

1
9 107¢ 18214, (9 14¢ 11584 ) Wa® (573 2570 241a° 117%™
+ — + — 4+ + + -
343 L 10 10 10 10

—+
2 50 50
L 118 574, o7 [ 3 645¢ 9A2] Wa'" (5371 63780"" 25820 33762@2“]

T3 Va0 T 400 400 200
Solving it for u , we have
#, =0.000357016031 +0.01315899991a”" ~ 0.184132201327¢
~0.113111200132a*” - 0.01613101111414, — 0.00325201040424, 0" (45)
+1.0031411111014W, + 0.0045412230164W 0" + 0.6231532207323W, ¢’

Normalized Hamiltonian up to fourth order is

+
# 2 100 100 2

(44)

20 200 100 3

+ —
25 200 10

1
H=o0l -ol + E(Aff +2BLI, +CI ) +..... (46)

Calculating the determinant D occurring in condition (ii) of KAM theorem, we get
D= —(Aa)22 +2Boo, + Ca)lz) 47
Putting the value of A, B and C and suppose u = ®,®,, we have
(644u" —5410° + 36

D= +(D, + Dy)e+(D, + Dy) A, +(D, + D.y)W, +(D, + D,y)We*  (48)
8 (4w’ —1)(250 - 4)
D. (z = 2...9) are given as Appendix 3.
Condition (ii) of KAM theorem is violated for the unperturbed problem i.e. for A =& =W, =0 when
4, =0.0109136...... When A, #0,W, #0,6#0, we take u=uy +ac+a,A +aW, + 0;1Wle'2 , such
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that D =0. We find that condition (ii) of KAM theorem is satisfied, that is D # 0 if in the interval
0 < pu<p , the mass ratio does not take the value

uo=u +ac+a A +aW +aWe (49)
where
a, = —0.00327602011510314 — 0.11721311001111222a** (50)
a, =—-0.13100311513414132 — 0.24211500225325132a** (51)
a, =1.2011303236313412 + 1.70316035112105324** (52)
a, =1.003572531276523 + 1.32762500120035a* (53)
Hence,

4, =0.01091366767720066 — (0.00327602011510314 + 0.11721311001111222&“)g
—(0.13100311513414132 +0.242115002253251324¢"" ) A -

- (1.2011303236313412 +1.70316035112105324™" ) W,

+ (1.003572531276523 +1.32762500120035a"" ) we’

Hence in the interval 0 < g < u , both the conditions of KAM theorem are satisfied and therefore the
triangular points are stable except for three mass ratios y’y (z = 1,2,3).

7  Analytical discussion

7.1 Observation I

When we consider e =0,a=1,4, =0and g, =1then this problem reduced to classical restricted three

body problem. We get z = %— u and y= i-?g from equations (4) and (5), which are coordinate of

triangular equilibrium points in classical case. Equations (19) and (20) give @'+, =1 and
L, 2T

o 0, = o 7’ (7 =1- 2,u) . From equations (42), (45) and (54), we obtain that triangular equilibrium

points are stable in the range of linear stability except the three mass ratios
u, =0.24294, 4 =0.013516, 2, = 0.010914 and from second condition of KAM theorem, we

(644u4 —54lu’ + 36)
8(4u2 - 1)(25u2 - 4)

get D = . 3D diagram between D — @, — ®,is shown by Fig.1.

Figure 1.e = 0,a = 1,4, =0,¢q, =1

All these results are exactly similar to Deprit-Bartholome(1967).
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7.2  Observation II

When we consider e=0,a =14, #0,q =1, ie smaller primary is taken as an oblate spheroid and
bigger primary is not radiating. Then from equations (42), (45) and (54), we get.

u
0.025

s
0.020 - \\

"
0.015 | i ‘-\

0.010 !; HH“‘“‘&_H \\\

L e \h

I L
0.0 0.1 0.1 03 0.4 0.5 (X ] 0.7

Figure 2. Stability region 4 (z = 1,2,3) ~ A, when e=0a=1¢q =1, u =0.024294-0.0368514, .
g =0.013516 - 0.0193834,, x4 =0.010914 —0.3731184,

We have drawn u — A, . Fig 2 shows that x4 decreases as A, increases. These results are similar to

those of Markellos (1996).

7.3  Observation III

If we consider e = 0,a = 1then our problem reduced to photogravitational restricted three body problems
with P-R drag, i.e primaries moves in circular orbit about their common centre of mass. With this
assumption, we get from equation (4) and (5),

2/3 n 2/3 2/3
S r s GO Gy

3u(1- )y,
1/2
4/3 1174 2/3 2/3 3 7 . 2/3
y=1= qf/"‘_ql__—n 1% Qﬂ_l__ﬂql 1_ﬁ +ﬁ(1_'u)_/12,u _Azqf/3 1_q1_
4 3u(1-u)y, 2 2 2 2 2

which are location of triangular equilibrium points in circular case. From equations (42), (45) and (54),
we have found that the triangular equilibrium points are stable in the range of linear stability except the
three mass ratios

g =0.24204 - 0.312692¢ — 0.036851A, +1.001052W, (55)
= 0.013516 — 0.29724¢ — 0.0193834, +1.007682W, (56)
g = 0.010914 — 0.120489¢ — 0.3731184, +2.904291W, (57)

Figure 3. Stability region u —q, — A,
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With the help of above three equations (55), (56) and (57) we have drawn u — A, — ¢, 3D diagram. In

Fig.3 uppermost plane, middle plane and innermost plane are due to g , u and g All above

results exactly similar to Kushvah and Ishwar (2006, 2007).

7.4 Observation IV

When we consider our problem ie e=#0,a#1,A, #0,q #1 then location of triangular equilibrium

points are given by equations (4) and (5).They are affected by radiation, oblateness and eccentricity of

(1-s)e
d

= 0.013456521 + 0.010837376a** — 0.0234501243114, — 0.013400433311a%° 4,
—0.2132543172 (1 — g, ) - 009943800794 (1 - g, )

0.62563948959 (0.986543479 —0.010837376a** )(1 - ql)
+ (58)

€

037541234521 (0.986543479 — 0.0108373760”" ) a** (1 - g, )

orbit. Putting e =1-¢q,, W, =

1

, M= (z = 1,2,3) in equations (42,45,54),we have

J’_

G

0.723568230512(0.986543479 — 0.010837376a”" ) * (1 - g, )

+

C

4 =0.000357016031 + 0.01315899991a”* — 0.01613101111414, - 0.0032520104042a”* A,
—0.184132201327 (1 - ¢, ) - 0.1131112001320” (1 - ¢, )

1.0031411111014 (0.999642983969 - 0.01315899991112/3)(1 - ql) (56)
+

Cd

0.(0.999642983969 - 0.01315899991a”"* ) a** (1 - g, )

+

G

0.6231532207323 (0.999642983969 — 0.01315899991a*" ) ¢* (1 ¢,)

+

Cd

4 = 0.01091366767720066 — 0.1310031151341413 4, — 0.242115002253251330%° 4,
—0.00327602011510314 (1 - ¢, ) - 0.117213110011112224”* (1 - g, )

1.1880215864422201 (1 - ¢, )  1.6845726250479336a"" (1 - ¢, ) (60)
+

+

G Ca

0.9926198741802038¢” (1 - ¢, )

Ca

+
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Figure 4. Stability region x¢ —q, — A2 Figure 5. Stability region M, —4~ A2

Figure 6. Stability region u# —gq, — A,
Using above equations with, we have drawnu - A —¢ , 3D diagram Plane due to g is shown by
Fig.4. Planes due tou and pu are given by Fig 5 and Fig 6 respectively. From these figures, we

conclude that stability region is reduced due to eccentricity of orbit. We have found that triangular
equilibrium points are stable in the range of linear stability except three mass ratios () at which KAM
theorem fails.

8 Conclusion

We conclude that triangular equilibrium points are stable in the non- linear sense for all ratios in the
range of linear stability except for three mass ratios. These critical mass ratios are given by equations
(42),(45) and (54).We also conclude that stability region is reduced due to P-R drag, oblateness and
eccentricity of orbit.
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