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Abstract Using the g-harmonic analysis associated with the g-Bessel operator, we study some
types of g-wavelet packets and their corresponding g-wavelet transforms. We give for these wavelet
transforms the related Plancheral and inversion formulas as well as their g-scale discrete scaling
functions.
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1 Introduction

Contrary to what is prevalent and as far as we go back in the history of mathematics, we can say that
the g-theory, also called Quantum Calculus, was initiated in 1748, when Euler undertook the study of the
basic hypergeometric functions and considered the infinite product

1
1=l -¢*)(1—-¢3)...

as a generating function for p(n), the number of partitions of a positive integer n into positive integers.
But, it was not until a hundred years later that the subject acquired an independent status. This was first
systematically effected by E. Heine (1821-1881) in the middle of the nineteenth century, and the work
was subsequently greatly extended by F. H. Jackson (1870-1960), W. N. Bailey (1893-1961), L. J. Slater,
G. E. Andrews and many others up to the present day. In fact, in recent years, various families of ¢-series
and g-polynomials have been investigated rather widely and extensively due mainly to their having been
found to be potentially useful in such wide variety of fields as (for example) theory of partitions, number
theory, combinatorial analysis, finite vector spaces, Lie theory, particle physics, nonlinear electric circuit
theory, mechanical engineering, theory of heat conduction, quantum mechanics, cosmology and statistics.
The books and monographs by (among others) H. M. Srivastava and J. Choi [25], H. Exton [8], H. M.
Srivastava and P. W. Karlsson [26] and G. Gasper and M. Rahman [14] discussed extensively basic (or
g-) hypergeometric functions in one, two and more variables. The success of the theory began since the
1970’s, and the g-theory became an active area of research. This success was achieved thanks to the
work of G. E. Andrews and R. Askey ([1], [2]) on the orthogonal polynomials, special functions and their
g-analogues. Since then, many authors have been interested by the theory and many papers have been
published (see [9], [21], [24]). In particular, in [20], T. H. Koornwinder and R. Swarttouw studied the
third Jackson g-Bessel function and claimed that we can use it to build a reliable harmonic analysis. This
motivated and encouraged many authors to study elements of g-harmonic analysis associated to different
g-difference-differential operators and publish many papers in the subject (see [3], [4], [5], [13], [22], [23]
and references therein).

Since the classical harmonic analysis plays central role in the theory of wavelets and wavelet packets, it
is natural to ask if we can apply the g-harmonic analysis to build new wavelets and wavelets packets.
Many papers treated the notion of g-wavelets (see [10], [11], [12] and references therein) and gave some
applications using g-harmonic analysis.

In this paper, we are concerned with the notion of g-wavelet packets. We shall use the harmonic analysis
associated with the ¢-Bessel operator presented in [4] and [13] to study some types of g-wavelet packets
following the ideas presented in [27].

This paper is organized as follows : in Section 2, we present some notations and notions from the
quantum calculus needed in the sequel. Section 3 is devoted to recalling some elements of harmonic
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analysis associated with the g-Bessel operator. In Section 4, we introduce and study the g-Bessel wavelet
packets and its related transform. Finally, in Section 5, we introduce and study the Bessel’s g-scale
discrete scaling function and its related transform.

2 Notations and Preliminaries

We recall some usual notions and notations used in the g-theory (see [14], [19] and [[25], Chapter 6]). We
refer to the book by G. Gasper and M. Rahman [14] and [[25], Chapter 6]) for the definitions, notations
and properties of the g-shifted factorials and the ¢g-hypergeometric functions.
Throughout this paper, we assume ¢ € [0, 1] and we denote

R,={*¢":neZ}, Ryy={¢":neZ} and R, =R, U{0}.

For a complex number a, the g-shifted factorials are defined by:

n—1 %]
@@o=1 (9,=[[(0-ad")n=1,2; (6:¢)e = [J(1 - ag").
k=0 k=0
We also write ) (@)
—q° 4 )n
[z]q = ¢ z€C and n!qzm, n € N.

The Rubin’s g-differential operator is defined in [22] and [23] by

Fa') + Fa') — fla2) + Fma) = 20(=2)

04(f)(2) = B EE . (2.1)
lim 8, (f) (x) if 2 =0,

Note that if f is differentiable at z, then d,(f)(z) tend to f'(z) as ¢ tends to 1.

The Jackson’s ¢g-integrals from 0 to a and from 0 to +oo (see [18]) are given by

/Oaf(z)dqx(lq)aZf(aq")q” and / fade=(1-a) S @ (22)
n=0

n—=—oo

provided the sums converge absolutely.
The Jackson’s ¢-integral in a generic interval [a, b] is given by

/f dx—/f dx—/f (2.3)

Remark that in the particular case a = bg™, n € N, the relation (2.3) becomes

b n—1
/ @)z = (1— )b 3 F(g"b)g". (2.4)
a k=0

In the sequel, we will need the following sets and spaces.
Cq,0(R,) the space of bounded functions on R,, which are continuous at 0 and vanishing at co.
o S, 4(R,) the space of even functions f defined on R, satisfying

Vn,m €N, Ppmg(f) = sup | 270 f(z) |< +oo

zeRy

and
ilg%) Oy f(x) (in Ry) exists.

e D, ,(R,) the subspace of S, ¢(R,) composed of functions with compact supports.

~ :
b Lg,q(Rq,+) = {f Nfllpag = (/ |f(x)|p|x|2“+1dqm> < 00} , p>0and aeR.
0

€Rg,+

b LZO(Rq,-i-) = {f [ flloo,g = sup [ f(z)] < OO}
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3 @g-Bessel Fourier Transform

The normalized third Jackson’s g-Bessel function is defined by

+oo 2n
| (o + 1)+ ( ; )
2 n q
ol _ -1 , 3.1
dnten ) = 30 ey (T (3.1)
where (@)
T 49) o L
I'z)y=—""*—(1—¢q , r#0,-2,—-4,—6,...
@) (¢"; q)oo( )
is the ¢-Gamma function. Note that we have
Ja(r:4%) = (1= ¢*)* T (a+ 1) (1 = 9)z) " Ja((1 — @)z ¢%), (3:2)
where sesa. 2
@0 )0 o
Jo(@;¢%) = %-1@1(0&2 247, ¢°x?) (3.3)
(4%¢%) o
is the third Jackson’s g-Bessel function.
1
For a > —5
ja(~§q2) € Siq(Ry)
and using the relations (3.1), we obtain
Dgjal®:4?) = — a1 (i %). (3.4)
! (20 +2]q
As a consequence, we have
Proposition 1 For A € C, the function j,(\z; q2) is the unique even solution of the problem
Aa qf(‘T) = _)‘2f<x)a
: 3.5
o (35)
where Ay 4 s the q-Bessel operator, given by
1 «
Dogf(z) = W&,[W 19, f ().
Proposition 2 For z,y € R, 1, we have
oo . (1+q)* TE(a+1)
(zy)* / Ja(@t:q°)jayt; * )T dgt = : Oa.y- (3.6)
0 (1-4q)
Definition 1 The g-Bessel Fourier transform is defined for f € Li’q(Rq,+), by
(oo}
Foa NN = oy [ F@)iaOi )y, (3.1)
0
where ( -
1+4q)”
g = —— . 3.8
€t = Tala+1) (3:8)
Log(1 —q)

Letting ¢ T 1 be subject to the condition € 27, gives, at least formally, the classical Bessel-

0g9(q)
Fourier transform.
Some properties of the ¢g-Bessel Fourier transform are given in the following result (see [4]).
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Theorem 1 1) For f € L;(I(Rq#), we have Fo 4(f) € LS (Ry 1),

24,4

/\ETOO J:a,q(f)(/\) =0 and ”]:oc,q(f)Hoo,q < (@ 9)oo ”JCHL%(J'
2) For f,g € L}, ,(Rq,+), we have
| 1@ Faa@ @ e = [ Faa( a0 (3.9)

3) If f and D qf are in L;q(Rq’+), then
Faq(Bagf)A) = =XFaq(f)N).
4)If f and 2 f are in L}, ,(Rq 4), then
Dag(Fag(f)) = = Faq(@*f).
Proposition 3 If f € L(lx7q(]Rq7+), then
Vo€ Ryrs @) = o | FaalOaOi 20 0

Theorem 2 1) Plancherel formula
For all f € 8, 4(Ry), we have Fu q(f) € Siq(Ry) and

”]:oz’q(f” 2,0, = ||f||2,a,q~ (3~10)

2) Plancherel theorem
The q-Bessel transform can be uniquely extended to an isometric isomorphism on Li7q(Rq7+) with
Fin=Faq-

We are now in a position to define the generalized g-Bessel translation operator.

Definition 2 The generalized q-Bessel translation operator is defined for f € Livq (Rq,+) by
T;;q(f)(x) = Ca,q / -Fa,q(f)(A)ja()‘xQ q2)ja()‘y; qz))‘2a+ldq>\a x,y € Ry 4, (3.11)
0

T3 (f) =1
It verifies the following properties.

Proposition 4

1. For all x,y € Ry, Ty"(f)(x) = T (f)(y).
2. For f € Li’q(Rq7+),x,y € Ry +, we have
Foa T )N = Ja(Ay: 6*) Foq(F) V). (3.12)

3. If fe Ll (Rey) (resp. Siq(Ry)) then T5U(f) € L2 [(Ry4)  (resp. S q(Rq)) and we have

4
2,0,0< 77— || |

I 757() (43 9) o0

2,0,q - (3.13)

4. Forallz,y,\ € Rqﬂra T;;q (joc()"; q2)) (LL') = ja()‘x; q2)ja()‘y; q2)'
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Definition 3 The g-Bessel convolution product is defined for f,g € Si 4(Rq) by:

f 5 9(2) = oy / T () g ()2 dy. (3.14)

In the following propositions, we present some of its properties.

Proposition 5 For f,g € Si 4(Ry), we have

1. Faq(f *B 9) = Faq(f)-Fa,q(9)-

2. f*pg=g=*B [

8. (f+pg)*ph=f*p(g*ph).

Proposition 6 Let f and g be in S, 4(R,). Then f x5 g € S4(Ry), and

1 *B gll2.0.q = 1Faq () Faa(9)2,00 (3.15)

We finish this section by the following useful result.

Proposition 7 For a € R,y the operator H, defined for g € Li,q(Rq7+) (resp. S«.q(Ry)), by

Ha(9)(@) = g9 (%)

a

is linear and bijective from L2 ,(Rq 1) (resp. S.q(Rq)) into itself and we have

1
1Ha(9)llz.00 = 719012000 (3.16)
and N
Fo,q(Ha(9))(A) = Faq(g)(ar), A€R,. (3.17)
Proof

The linearity and the bijectivity of H, are clear. In Particular, H_ 1 — H.. The change of variables u =

1
a

=18

completes the proof of the result.

4 g-Bessel Wavelet Packets

We recall that a Bessel’s g-wavelet is a square g-integrable function g on R, ; satisfying the following
admissibility condition (see [11]):

0<Cy= /OOO | Faa(9)(@) P 222 < . (4.1)

We consider a Bessel’s g-wavelet g and a strictly decreasing scale sequence (r;);jez of R, 4 satisfying

lim r; =400, lim r; = 0. We state the following introductory result.
Jj——o00 Jj—r+oo

Proposition 8 For all j € Z, we have :

[N

1 [T
1. the function A\ — <C’/ |.7-"a7q(Ha(g))()\)|2dZa> belongs to L2 ,(Rq 4 ),
g Jrita
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2. there exists a function g]I-D € Liyq(Rq,Jr) such that for all A € Ry 4,

Frald )0 = (5 /] lfa7q<Ha<g>><A>|2dqa> .

Proof

Fix j € Z.

(1) On the one hand, r; and 7,41 are two elements of R, ; satisfying 7,41 < r;, then there exists a
positive integer n such that ;11 = ¢"r;. So, using the relation (2.4) and Proposition 7, we obtain

. n—1
o0 1 Tj da/ o o0 o
/ (C [ Faattan Pt )A? =1 [ a0 P
g

Ti+1
1—gqx © .
=) o) AL EIYCROETAY

9 k=0

On the other hand, the change of variable u = )\qkrj, (0 <k <n-—1), together with Theorem 2 leads to

(1 " 2dy 20+1 —4q |]:aq (u) |2 2o+t
/ (Cg / | FaaHalo) ) ) NG, = Z M dy
n—1

1
2
106 q Z (rjqF)2e+?

k=0

oa(9) (1)

q2a+2 1 1 ,
T Cat 2, \ 7977 1911209

(2) The result follows from Theorem 2. O

Definition 4 i) The sequence (gf)jez is called Bessel’s q-wavelet packet.
it) The function gf, J € Z, is called Bessel’s g-wavelet packet’s member of step j.

We have the following immediate properties.

Proposition 9 For all A € Ry, we have
+oo

0< Faglgj )N <1, j€Z  and > Faalg) )NV =1.
j=—00
Let (gf)jez be a Bessel’s g-wavelet packet. We introduce for all j € Z and =z € R, 4, the function
gf o 8s
o) =Ty (g)) (@), yeR (4.2)
g]7w y Yy g] € 9 y q,+- .
Some properties of these functions are summarized in the following result and its proof follows easily from

the properties of the g-Bessel translation operator and the definition of the Bessel’s g-wavelet packets.

Proposition 10 For all j € Z and x € R, 1, the function gjl-; belongs to LZ7Q(RQ,+) and we have for all

AeR,4,
— Faa(952)(N) = ja(Az; %) Fag(gh )(N).
—gPu 4”9]1'3H2,a,q

elen =g
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Definition 5 Let (gJP)jGZ be a Bessel’s g-wavelet packet. We define the Bessel’s g-wavelet packet transform
vl by

Ul (£)(J.y) = Cag /0 f@)gl (2)z** dyw, j€Z, yeRyy and feL2 (Rgy), (4.3)

where cq,q U5 given by the relation (3.8).

Remark 1 The equality (4.3) is equivalent to

w«fg(f)(jv y)=f*s f(y) = Faq(Faq(f*B f))(y) = fa,q[Fa,q(f)--;:a,q(gf)](y)- (4.4)
The following proposition provides some useful properties of &%
Proposition 11 Let (gf)jez be a Bessel’s qg-wavelet packet and f € Li,q(Rq#). Then,

1. foralljeZ,be Hﬂéqﬁ, we have

%4 (f)(5.b)] <

||gJ ||2 a q

2. for all j € Z, the mapping b — W(fq(f)(j, b) is continuous on ]liq7+ and we have blim !Z’lfq(f)(], b) = 0.
N P

Proof
(1) From the relation (4.3), Proposition 10 and the Cauchy-Schwarz inequality, we have for j € Z and
beR,+

aallgisllzag < @ q)’q 1£112.0.4l195 112,006

%49 () (G.0)] = cag

e} —_—
| r@f e e < c.
0

(2)Let jeZand f € Liyq(Rqﬂ_). From Theorem 2, we have F, 4(f) and ]—"mq(f) are in Liﬁq(Rq#) and

the product fa,q(f)}'a’q(f) isin L1 a,q(Rq,+). So, the relation (4.4) together with Theorem 1 achieves
the proof. |

The following result shows Plancheral and Parseval formulas for the Bessel’s g-wavelet packet transform
wr .
a.9

Theorem 3 Let (gf)jeZ be a Bessel’s q-wavelet packet.
(1) Plancheral formula for &P(f 9
For f € L2 ,(Rq+), we have

+oo
3 / (BE (1)) 2B dgh = [ f1E (4.5)
j=—00

(2) Parseval formula for ¥, 7
For f1, f2 € Liq(Rq,Jr), we have

+oo
/ i) B@a e = 3 / ()G DT, () G, Db dgh. (4.6)

j=—00

Proof
(1) From the relations (3.15) and (4.4), we obtain

|G = [ (@ Falo] @F 0 g
0 0
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So, the use of the Fubini’s theorem and the fact that

+oo
D Faule) O = 1
give
+o00 o oo ) +o0 » _—
a+ — a a.q(gi (a aa—i— 4@
J_ZOO/ @49 ()G b)PH* dgb = /0 [ Faq(£)(a) j;oo[f’ (97 (a))] d

= /0 | Fa,qg(f)(a) |2a2a+1dqa.

Thus, (4.5) follows from Theorem 2.
(2) The result is a direct consequence of assertion (1). O

Theorem 4 Let (gf)jez be a Bessel’s q-wavelet packet. For f € Li’q(Rq#), one has the following
reconstruction formula :

= Ca,q Z / g] b( )bza+1dqbv T e ]RZIH-'

j=—00

Proof
For x € R, 4, we have h = §, belongs to Liﬁq(Rq#). Then, according to the relation (4.6), the definition
of Wf , and the definition of the Jackson’s g-integral, we have

(1 - g™y = 3 / BT, (W), ) b

j=—00

o0
e 3 / ( / h(t)gﬁ(tnﬂm“dqt) Bty

j=—o00

— (1 2a+20a,q Z / g] b( )b2a+1dqb7

j=—00

which is equivalent to

—Caq Z / gjb( )b2a+1dqb'

j=—00
a

5 Bessel’s g-Scale Discrete Scaling Function
In this section, we consider a Bessel’s g-wavelet packet (gjl-D )jez.-
Proposition 12
1. For allm € Z and x € Ry 1, we have

m—1

dqa
2 0q
¥ Fado) )@ = g [ 1Fea o) @) 6.1
j=—00
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[N

m—1
2. For all m € Z, the function x — Z [fa,q(gf)(x)]Q belongs to L2 ,(Rq 4 ).
j=—00

3. For all m € Z there exists a function G, in Li,q(Rq7+) such that for all x € R, 4,

fa,q(GZ)(m) = Z [fa,q(gf)(x)]Q

Proof
(1) It follows from the definition of g
(2) From the Fubini’s theorem, the relatlon (5.1) and Proposition 7, we have

[ 8 b e = 2 [ [ Finop @ e

Og - (/O |Faq(9)(az)[Pz** T d, )Cl;a

j=—00

By the change of variables © = ax and Theorem 2, we obtain

(L 2490\ 2ag1y L [T /OO 2, 2041 a
/0 (Cg/r | Faq(Ha(9))(@)| a)x de=g| ), | Fovq(9)(@) e dga | -

Tm

_ 912,04 /OO dga < 0.

2013
Cy G20

m

This completes the proof of (2).
(3) We deduce the result from the previous assertion and Theorem 2.

Definition 6 The sequence (Gi)mez is called Bessel’s q-scale discrete scaling function.
The sequence (GF),,cz verifies the following trivial and easily proved properties.

Proposition 13
(7) For allm € Z and X € Ry 1, we have

0 < Fag(Gr)(A) < L.
(1) For all X € Ry 4, we have

lim F, o (GEYN) = 1.

m——+oo

Proof
The proof is an easy deduction from Proposition 9.

Proposition 14 For m € Z and x € R, 4, the following relations
(o)
[FaaGR)@)] "+ 3 [Faalel @) =1,
j=m

2

[Faa02)(@)]" = [Fau(GE L )(@)]" = [Fau(GE) ()],
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(iid)

oo

> (FaalGh) @) = [FaulGh)@)]) =1 (5.7)

m=—0oo

hold.

Proof

— (i) It follows immediately from (5.2) and Proposition 9.
— (i7) We deduce the result from the relation (5.2).

— (i44) The relation is a consequence of (5.6) and Proposition 9.

O

Now, let (G))mez be a Bessel’s g-scale discrete scaling function and consider for all m € Z, x € R, 4,
the function GE _ is given by

Grw(y) = T,01(G)(2), Yy € Ryy. (5-8)

From the properties of the Bessel’s ¢-translation, one can prove easily the following result giving some
properties of the function Giw.

Proposition 15 For all m € Z and x € Ry 4, the function Gf:w belongs to Liq(Rq#) and we have

- fa,tI(Gi,z)()‘) = ja()‘m;QQ)IOt’Q(GZ)()‘L AERy 4,

4GP
P g < HCmllzag

2,a,q
(45 0)o

Definition 7 Let (GZ)mGZ be a Bessel’s q-scale discrete scaling function. We define the Bessel’s q-scale
discrete scaling transform @f;G on Li,q(Rq,Jr), by

O (/). x) = cag / FOTEL R dh, meZ, and o€ Ry (5.9)

Remark 2 The relation (5.9) is equivalent to
Opc(f)(m,z) = f 5 GE (x). (5.10)
In the two following results, we will provide a Plancheral and a Parseval formulas for @5, G-

Theorem 5 Let (Gi)mez be a Bessel’s q-scale discrete scaling function.
(1) Plancherel formula for 9(1; G
For f € Li,q(Rq’Jr), we have

oo

11130, = lim |Og.c(f)(m, b)|*6**Fdyb. (5.11)

m——+oo 0

(2) Parseval formula for 95 a
For f1, f2 € Li’q(Rq7+), we have

m——+00 0

/Omfl(w)fz(w)x%‘“dqx: im [ O (f)m. BTG b dh. (5.12)
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Proof
(1) Due to the relations (5.10) and (3.15), we have for all m € Z,

| Orathm bt = [ 17 (D@ G @) e (5.13)
The relations (5.3) and (5.4), and the Lebesgue’s theorem yield to

lim €46 (F)(m, BP0 dgb = | Foq(£)Il3

m—+oo J, ||2,a,q '

Finally, Theorem 2 achieves the proof of (1).
(2) The result follows from (5.11). O

Using the Bessel’s ¢-scale discrete scaling function (Gﬁ)mez and the Bessel’s g-wavelet packet transform

@ one can obtain another Plancheral formula for @5 - This is the aim of the following result.

9,97

Theorem 6
(1) Plancherel formula for 95,(; using W(fg
For all f € L2 ,(Rq 1), we have for all m € Z,

1130y = / 107 4 (£)(m, B) P62 d,b + 2 / 7 (). D) B b, (5.14)
0

(2) Parseval formula for 9 ¢ using W(f 9
For f1, fo € LOL’q(Rq_,Jr), we have for allm € Z,

| @t g - / " 07 (1) (m,b)BT G ) s DB b +
z / ()G BT, (7 G DB db.

Proof
(1) On the one hand, from the relations (5.13) and (5.2), we have for all m € Z,
00 ') m—1 )
| eranmbpretap = [ D17 n@F | Y [Fada)@) | 2
j=—o00

On the other hand, using the relations (3.15) and (4.4), and the Fubini’s theorem, we obtain

oo

X [ Rt = [T E @R | 2 P e )

Jj=m

Hence,

| 1eketrm. b>|2b2a+1db+2 / B2, DEB b =
0

oo

[ Fan@F | X Fasla @ | 22

j=—o00

The result follows then from Proposition 9 and Theorem 2.
(2) The assertion (2) follows from (1). O
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Theorem 7 For f € Liq(Rq#), we have the following reconstruction formulas.
(1) For all x € Ry 4,

f(z) =ca,q lim - Qf;G(f)(m, b)GT}Z’b(x)bQO‘qub. (5.15)

m——+oo 0

or all x € +0,n all m € B
9) For allz € Ry 4 and allm € Z
F(@) = cog / OF () (1, B)GE ()b dgb + oy 3 / 0P (). b)g @) b, (5.16)
j=m

Proof
(1) Let f € L2 ,(Rq+), fix # € Ry 4 and put h = &,. By using the relation (5.12), we get

(1—q)a?**2f(z) = lim b Q(I;’G(f)(m7 b)mb%ﬂdqb

m——+o00 0

= lim cayq /0 OF(f)(m,b) < /O h(t)wa(t)dqt) v*td,b

m——+o0

= lm cuqy(l —q)z?* ™ /O OF (/) (m,b)GL ,(x)b** dgb.

m——+o0

Thus,
f(@) =caq lim O a(f)(m,b)G, (x)b* T dgb.
m oo 0
(2) The technique of the proof is similar to (1). O

Proposition 16 For f € Li,q(Rq7+), one has for all j € Z,

/o g/fg(f)(j’ b)gfb(g;)b2a+1dqb = /0 95G(f)(j +1, b)GﬁrLb(x)an“dqb -
/0 @ig(f)(j, b)Gfb(x)bQ(x—qub.

Proof
Using the relations (5.16) and (5.6), and Theorem 2, we obtain

/O°° O, () + 1,0)GS p(2)b* b — /OOO OF () (5.b)GL, (x)b* L dyb
) /OOO FoalFaall va CLll O ol - /0°° FoalFaaf 5 G)(=0)G1, ()0 dgb
_ /O " Fad DO ([FanGL)] ~ [FanlGD]) Biabrs b d b
= [ P10 o Ot 0

= [ w6 @R
0

AAN Copyright © 2016 Isaac Scientific Publishing
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