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Abstract The Riccati equation method is used to establish some criteria for the existence of
two-parameter families of global solutions for some classes of second order non-linear ordinary
differential equations. Two oscillation theorems are proved. The results are applied to the Emden -
Fowler equation and to the Van der Pol type equation.
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1 Introduction

Due to numerous applications the nonlinear ordinary differential equations occupy an important place in
the theory of differential equations and numerous works are devoted to them (see [1] and cited works in
it, [2 - 8]). Except in rare cases these equations cannot be integrated explicitly. Therefore the study of
such characteristics of their solutions as global existence, oscillation, asymptotic behavior, stability and
plays an important role.

Let po(t;w), qo(t;w) and ro(t; w) be continuous on [ty; +00) X (—o0; +00) real valued functions, and
let po(t;w) >0, ¢t >ty, w € (—o0;+00). Consider the equation

(po(t; 6(1))8' (1)) + qo(t; (1)) ¢' (1) + 70 (t; (1)) 6() =0, £ > to. (1.1)

Like the linear differential equations of the second order, this equation can be interpreted as a system
of nonlinear differential equations of the first order (see [3], p. 381):

__yp@® .
¢'(t) = po(t;6(t))’ (1.2)

V(1) = —ro(t; 9(0) B(t) — REEETU(D)-

By Peano’s theorem (see [3], p. 21, 22) for every ¢y and ¢(1y (here and henceforth ¢y and ¢(;) are real
numbers) and ¢t > ¢y the system (1.2) has a solution (4(t),1(t)) in the neighborhood of the point ¢; (in the
case t; = to in some right neighborhood of ty), satisfying the initial conditions: ¢(t1) = ¢(0), ¥(t1) = é(1).
Therefore, for any ¢y, ¢y and t; > tg eq. (1.1) has a solution in some neighborhood of the point #1,
satisfying the initial conditions: ¢(t1) = b, ¢'(t1) = ¢q)-

Remark 1.1. The solution ¢(t) of eq. (1.1), satisfying the initial conditions: ¢(t1) = ¢y, ¢'(t1) = ¢
in general, is not the unique. However, under additional restrictions on the functions po(t; w), go(t; w
and ro(t;w) it is the unique. For example, due to (1.2), if the functions fi(¢;u;v) = PRCEDL fo(t;uv) =

~—

ro(t; u)u + qogt “;v satisfy the Lipschitz condition jointly u,v in the region O = {(t;u;v) : |t — 1| <

lu—doy| <M, [v—¢my| <N}, 6>0, M >0, N>O0 (see [3]. p. 13), then by virtue of the Picard -

Lindellef’s theorem (see [3] p. 19) the solution ¢(t) of eq. (1 1) with ¢(t1) = ¢(0), ¢'(t1) = ¢(1) exists on

the interval [t1;t2] and is the unique, where t3 = min{J, ¥ +N2} My = “ max \/f1 tuyv) + f2(tu;v)
tiu

(as far as the solution (¢(t),1(t)) of the system (1.2) with ¢(t1) = ¢(0), ¥(t 1) ¢(1) exists on the interval

[t15t2]).
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Example 1.1. For po(t;u) = |u|7,0 >0, go(t;u) =0, ro(t;u) = |ul”, v < 0thefunctions f;(t;u;v), j=
1,2, satisfy the Lipschtz condition in the region [t —t;| <4, 6 >0, |u—1] <1, |v| <1, but not in the
region [t —t1] <4, >0, |[u—1]<2, |v|<1.
Example 1.2. For po(t;u) = 1+t2+ut, qo(t;u) = t+ud, ro(t;u) =t —u the functions f;(t;u;v), j=
1,2, satisfy the Lipschtz condition in the region |t —¢1| <6, |u| < M, |v|<N, 6§ >0, M >0, N >0.
In this paper the Riccati equation method is applied to establish some criteria of existence of two-
parameter family of global solutions of the equation (1.1). Two oscillatory theorems are proved. The
obtained results are applied to Emden - Fowler’s equation and to the Van der Pol type equation.

2 Auxiliary Propositions

Throughout this paragraph let ¢o(t) be a solution of eq.(1.1) on the interval [to; T) (T < +00); yo(t) =

po(t; Po(t)) ié’gg Consider the Riccati equation

y2(t) " qo(t; po(t))
po(t;do(t)) — po(t; do(t))

Let ¢o(t) # 0, t € [t1;t2)(C [to; T)). It is not difficult to check, that the function yo(t) is a solution of eq.
(2.1) on the interval [t1;t3). We have:

y'(t) + y(t) +ro(t;do(t)) =0, tefte;T). (2.1)

ngT)dT} = ¢o(t1)exp{/t O(yO(T)T))dT}a t € [tista). (2.2)

7) Po(T3 ¢o(

do(t) = ¢0(t1)exp{/t

t1

Consider the linear equation

Yo(t) + qo(t; do(t))
po(t; go(t))

2(t) + z(t) +ro(t; po(t)) =0,  t € [t1;ta). (2.3)

By virtue of the Cauchy’s formula the general solution of this equation on the interval [t1;¢2) is given by
the formula

e 255750

1

/ [ 0() + ao(s:00() | | _
—/exp{—T/ 1o(5: 60(5)) dS}TQ(T, ¢o(1))dr, ¢ = const. (2.4)

1

By (2.1) yo(¢) is a solution of (2.3). Therefore from (2.4) it follows:

t

st [ S}

1

t

—/texp{—/yo(s)+qo(S;¢O(S))ds}ro(7;¢0(7))d7, tE [tits). (2.5)

Po(s; Po(s))

t1

By (1.1) the following equality holds

[po(t; ¢o(t)) o ()] + Ot())[po(t; do(t)) o (t)] + ro(t; do(t))¢o(t) =0,  t>to.
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Therefore,

po(t; d0(1)) ) (t) =po<t1;¢o<t1>>¢g<t1>exp{— / md}‘

/ / q0(5s; ¢o(s)) , ,
_/exp{—/po(s;¢0(8))ds}ro(7,¢0(T))¢0(T)d7', t € fto;T). (2.6)

Dividing both sides of this equality on po(; ¢o(t)) and integrating from ¢; to ¢ we obtain:

(53 60(s)) ar
<s;¢o<s>>d3}po<n B0(7))

t1

Go(t) = do(t1) + po(tr: do(t1))ép(t1) / exp{‘/ ;2

t1 t1

_ / M / exp{_ / mdg}mw;%(s)m(sms. (2.7)

1 1

Let p1(t;w), ¢1(t;w) and r(¢;w) be real valued continuous functions on the [tg; +00) X (—00; +00),
and let py(t;w) >0, t >0, w € (—o0;+00). Along with the (1.1) consider the equation
)

(p1(t: ¢(£))' (1) + q1(t; (1)) (£) + r1.(t: (1)) B(t) = 0, £ = to. (2.8)

Throughout this paragraph let ¢;(t) be a solution of eq.(2.8) on the interval [to; T) (T <

< 400); y1(t) = p1(t; o1 (t ))%(t) Consider the Riccati equation

y2(t) L0 (t;¢1(2))
pi(t;d1(t))  pi(t; da(t))

Let ¢1(t) #0, t € [t1;t2) (C [to;T). Then as in the case of eq. (2.1) the function y;(¢) is a solution of eq.
(2.9) on the interval [¢1;t2) and

y'(t) +

y(t) +ri(t:01(1) =0, t € to; T). (2.9)

t

(]51(t) = ¢1(t1)exp{/ pl(7y"1é):)(7'))d7—}’ te [tl;tg). (210)

t1

Since yo(t) and y(¢) are solutions of eq. (2.1) and eq. (2.9) respectively, we have:

i) a(te) o o
o @) T py )W T e ) =0 =01

yi(t) +

Therefore,

yo(t) +y1(t) + quj(t; p1—4(t))
p1—j(t; p1—5(1))

[y1(t) — yo(t)]" + [y1(t) — yo(t)] +

1 _ 1 2 q1(t;01(t) ot do(t)) ]
rEam po(t;%(t))}yj ®)+ [m(t;(pl(t)) Dol %(t))}%(t) *
+ 71t ¢1(t) —ro(tsdo(t) =0,  tE€ [ti3t2), j=0,1. (2.11)

By (2.5) from (2.11) we have:

1 () — () = [2(t2) — vo(t1) exp{—

[ yo(D) + () Far(mson (1) |
/ e —
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t

/exp{ /yO +y2191 J?‘7q¢151€());¢1—j(5))d3}[(pl(ﬂ;l(ﬂ) - p()(T;;()(T))>yJ2(T)+
(i

C]17'¢1T Q(7500(7)) (e b (1)) — 1o (1 (N dr. 7 — _
(71 (T) p0(7;¢0(7))>y](T)+ 1(7501(7)) — ro(7; do( ))}d , 7=0,1. (2.12))

Lemma 2.1. Let g (tl) > 0, and let the inequality

ro(t;w) <0 for 0<w<Yy(t), tE€t1;ta), (2.13)

holds, where Yy(t) = fn%aux] |do(&)]. Then

13
yo(t) >0, te [tl;tg), (214)

and if yo(t1) > 0, then
Yo(t) >0, € [ti;ta), (2.15)

Proof. Tt follows from (2.13), that ro(t, ¢(t)) <0, t € [t1;t2). Then

/texp{—/tyo(s)+qo(8’¢o(s))ds}ro(7',(bo(T))dTSO, t€ [t ta).

po(s; ¢o(s))
ty
From here, from (2.5) and from the inequality yo(t1) > 0 (yo(t1) > 0) it follows (2.14) ((2.15)). The proof
of the lemma is complete.
Definition 2.1. We say, that [t1;t2) is maximum interval of existence for the solution ¢o(¢) (yo(t), ¢1(t), v1(¢)),
if do(t) (yo(t), ¢1(t), y1(¢)) exists on the interval [t1;t2) and cannot be continued to right of ¢5 as a

solution of eq. (1.1) ((2 1), (2.8), (2.9)).
Lemma 2.2. Let yo(t) > 0, ¢ € [t1;t2), and let

to

Yo(T) - 00
/P0(7;¢0(7))d = e (2.16)

ty

Then [t1;t2) is not maximum interval of existence for yo(t).
Proof. Since yo(t) is nonnegative, it follows from (2.2) and (2.16), that there exists finite limit

t

) Yo(T)
lim ¢o(t) = ¢0(t1)exp{ lim /Mdr}#o. (2.17)

t—t2—0 t—t3—0

ty
By (2.6) from here and from continuity of po(t; w), qo(t;w), 7o(t;w) it follows existence of finite limit
. litm o ¢6(t). Therefore, [t1;t2) is not maximum interval of existence for ¢o(t), and, so, by virtue of (2.17)
—lo—

the function po(t; ¢o(t)) %Et) is defined on the interval [t1;t3 4 €) for some € > 0. It follows from here,
that [t1;t2) is not maximum interval of existence for yo (). The proof of the lemma is completed.
Let u =wu(t) #0, v=wv(t), = = z(t) be continuous functions on the interval [to; +00),

I (t1;t) z/texp{—/v(s)ds}u(;:), I . (t1;t) E/texp{—/v(s)ds}x(T)dT,

t1 t1 t1 T

P(t),Q(t) and R(t) be real valued continuous functions on the interval [to; +00), and let P(t) > 0, t > to.
Denote:

_ dr
F(tistieryer) = |01|9XP{C2I1J§Q(t1;t) - /IQ7R(t1;T)_P(T)}7 t1, t = to.

t1
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Lemma 2.3. Let yo(t) > 0, t € [t1;t2), and let for some £ > 0 the following inequalities hold:

poltiw) > P, ©EY S 00 R < ro(tw) < 0 (2.18)

for |w| < F(ty;t;c15¢0) + €, t € [t1;ta), where ¢; = ¢o(t1) #0, ca = yo(t1). Then

/ Yo(7) . + o / — .Ti .
/pio(ﬂ%m)d <yo(t1)Ipg(ti;t) /IQ,R(tl, )P(T), t € [t1;ta). (2.19)

t1 t1

Proof. Suppose, that for some ¢35 € (¢1;t2) the inequality (2.19) is not true. Then because this inequality
holds for ¢ = t1, then taking into account (2.2) we get, that there exists ¢4 € (¢1;t3) such, that

[@o(ta)| > F(t1;ta;ci;ea); (2.20);

(
|po(t)| < F(ti;t;cis5c0) +6, € [ti;ta).
From the last inequality and from(2.20) it follows, that

qo(t; do(t))
po(t; go(t))

By virtue of nonnegativity of yo(t) from here and (2.5) it follows:

(30;?( t) ~ exp{ /Q } P(t )IQ r(t131); t € [ti;ta].

Integrate this inequality from ¢; to t4. We obtain:

po(t; do(t)) > P(t), > Q(t); R(t) <rolt;do(t)) < t € [t1;ta].

ta ty
Yo(T) + / — dr
I Gr < eolf o (trita) — [ 15 p(tr; 7).
t/po(T;(bo(T))dT s @lpoltiity ; QyR(tl,T)P(T)

Consequently, |¢o(ts)| < F(t1;t4;c1;c2), which contradicts (2.20). The obtained contradiction proves
(2.19). The proof of the lemma is complete.

Denote: G (t1;t;¢1;¢2) = |cl|exp{C2I;Q(t1, +f f,(:))dr}
Lemma 2.4. Let yo(t) > 0, t € [t1;t2), and let for some & > 0 the following inequalities hold:

’I’()(t; w)
qo(t; w)

< Gu(tiitieiye) + 6, tE [tistz), where Q(t) is a continuous function on the interval [t1;t5), M(t) =

gghaﬁ]{Q( §)}, c1=¢o(t1), c2=yo(t1). Then

po(t;w) > P(t), qo(t;w) > Q(t) >0, ro(t;w) <0, |po(t;w)

‘<©m for |u| <

t

Yo(7) M (1) )
| syt = ekt = [ Fan e e

t1

This lemma can be proved by analogy of the lemma 2.3. In its proof can be used the following easily
verifiable inequality

/ / Yo(s) + qo(s; Po(s)) . ,
/wﬁ—/ D S D (i gnlrldr < MOt i)

T
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Lemma 2.5. Let the following conditions hold:
a1) yi(t1) > yo(t1);
b1) ¢1(t1) > ¢o(t1) >0,  ¢i(t1) > dp(t1) > 0 or
#1(t1) < go(t) <0, ¢(t1) < ¢p(t1) < 0;
c1) po(t;w) < pi(t;wr), ro(t;w) > ri(t;w), for t € [ti;t2), |w| < Jwil, w,
wy € (—00; +00);
d1) po(t;w) > p1(t;we) for t € [ty;ta), [w| > |wi], w, wy € (—00; +00);
o1) il < WL 4y (1) > 0 or yo(t) > 0 for t € [t ta), [w] < [wi],
w,wy € (—o00;+00).
Then

yi(t) > yo(t), T E [tista). (2.21)
Proof. Suppose (2.23) is false. Then from a;) it follows:
yit) > yolt),  t€ [tists); (2.22)
y1(t3) = yo(ts) (2.23)
for some t3 € (t1;t2). From by) it follows:
lp1(t)] > [do()], ¢ € [tr5ta), (2.24)

for some t4 € [t1;t3]. Let us show, that

[P0 ()] < [pr ()], T € [tsts). (2.25)
Suppose, that it is not so. Then it follows from (2.24), that

[P0 ()] < [61()], T € [tasts], (2.26)

[¢o(t)] > [61(1)],  t € (t55t3), (2.27)

where t5 = sup{t € [t1;t3) : |po(t)] < |p1(t)|} € (t1;t5). On the strength of (2.2) and (2.10) from d,),
(2.23), (2.26) and (2.27) it follows:

¢ ¢
_ Yo(7) }< {/ y1(7) }_
0t = loo(es)] exv / e} < et [t Sor e
t € [ts;t3), which contradicts (2.27). The obtained contradiction proves (2.25). By (2.12) from ¢;), e1)
and (2.25) it follows, that y1(t3) > yo(¢3), which contradicts (2.23). The obtained contradiction proves
(2.21). The proof of the lemma is complete.
Remark 2.1. It follows from the conditions ¢;1) and dy), that po(t;w) = p1(t;w), t €€ [t1;t2), w €
(—00;400) and po(t; w) increases (in the wide sense) by w on the interval [0; +00) and decreases (in the
wide sense) by w on the interval (—oo; 0] for every ¢ € [t1;t2), in particular when po(t; w) = p1(t; w) =
p(t), t € [t1;t2), then the conditions B;) and r1) hold.
Let us consider the Riccati equation
v (1) Q)

+ S 2y(t) + R(t) =0, t>to. (2.28)

A TR0

Lemma 2.6. Let the following conditions hold:

az) yo(t) 20, t€[t1;t2)(C [to; T));

ba) P(t) 2 polt; do(t), L8 < B Rty < ro(t; (1)), ¢ € [trita).

Then the solution y2(t) of eq. (2.28), satisfying the condition y2(t1) > yo(t1), exists on the interval [tq;t2).
Proof. Let [t1;t3) be the maximum interval of existence for ys(t). It is to show, that t3 > t2. Suppose

t3 < to. Then taking into account the inequality y2(t1) > yo (1), and (2.129) we conclude: it follows from asg)

and bg), that for py (¢; w) = P(t), q1(t; w) = Q(¢), r1(t; w) = R(t) the inequality y2(t) > yo(t), t € [t1;t3),
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holds. Since yo(t) is continuous on the interval [t1;¢3], it follows from the last inequality, that the function

t
)=/ 3}2(—(:))&- is bounded from below on the interval [t1;t3). It follows from here (see [9, p. 3, the
t1

lemma 2.2]), that [¢1;¢3) is not maximum interval of existence for y2(¢). The obtained contradiction shows,

that t3 > t5. The proof of the lemma is complete.

Lemma 2.7. Let ro(t;w) >0, t € [To;T), w € (—o0;+00) (tg < Ty < T < 400),

¢0(T1) = 0 for some Ty € [To;T), and let  sup |¢o(¢)| > 0. Then ¢o(t) changes its sign on the interval
tE[To;T)

[To; T).

Proof. Since  sup |¢pg(t)| > 0, there exists Ty € [To; T) such, that ¢o(T2) # 0. Let To < Ty (the proof in

te[To;T)
the case Tp > T by analogy). Then there exists T5 € (T;T1] such, that

¢o(T3) =0, (2.29)

Po(t) #0,  te[TyTs). (2.30)

By Lagrange’s mean value theorem it follows from (2.29) the existence of a £ € (T;T3) such, that

9h(€) = — 77 So,

sign 9)(€) = —sign o(Th). (2.31)
To complete the proof of the lemma it is enough to show, that
sign ¢ (T3) = —sign ¢o(Ts). (2.32)

It follows from (2.30), that yo(t) exists on the interval [T5;T3). Therefore, by virtue of (2.5) it follows
from the nonnegativity of ro(¢; w), that sign yo(T3) = sign yo(€). From here and (2.31) it follows (2.32).
The proof of the lemma is complete.

3 Some Global Solvability and Oscillatory Criteria

Let P(t), Q(t) and R(t) be the same functions as in the previous section.

Theorem 3.1. Let ¢ # 0, z&;; > 0, and let for some € > 0 the following inequalities hold

qo(t; w)

> Q(t), R(t) <ro(t;w) <0 (3.1)

for |w| < F(to; t; d(0y; p(to; ¢(o))%) +e¢&, t>to. Then the solution ¢ (t) of eq. (1.1), satisfying the initial
value conditions: ¢o(to) = b0y, ¢o(to) = ¢(1), exists on the interval [to; +00). The function |po(t)| is
positive, nondecreasing and satisfies the estimate

¢
lpo(t)] < F(to;t;¢(0);po(to;¢(0))¢ig . t>to. (3.2)
In this case if ¢y # 0, then
¢'(t) #0, t>to. (3.3)

Proof. Let ¢y > 0 (the proof in the case ¢y < 0 by analogy), ¢o(t) be the solution of eq. (1.1), satisfying
the initial value conditions: ¢o(to) = ¢y, ¢o(to) = @1y (existence of ¢o(t) follows from the connection
between (1.1) and (1.2) and from the Peano’s theorem; see [3, p. 21, the theorem 2.1]), and let [to; T)

be the maximum interval of existence for yo(t) = po(t; Po(t)) iégg (it assumes, that ¢o(t) exists on the

interval [to; T) and does not vanish on it). Let us show, that

yo(t) >0, te [to; T) (34)
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Suppose, that it is not so. Then since yo(to) = po(to; ¢(0))% > (), there exists fo, f; such, that
yo(t) >0, € [to;lo), (3.5)
yo(t) <0,  t€ (to;tr). (3.6)

By (3.1) for ¢1 = ¢y, c2 = po(to;qS(o))zE;;, t; = to the inequalities (2.20) of the lemma 2.3 hold.

Therefore taking into account (2.2) we will have:

o)

po(t) < F<to;t;¢(o);po(to; ¢(o))%

), te [to;?o].
By (2.2) from here and from (3.6) it follows:

. P _
M(t) = e, Po(§) < F<to;t; ¢(0);p0(t0;¢(0))¢i(1);)7 t € [toit).

Then taking into account third of the inequalities (3.1) we will have: ro(¢;w) <0 for 0 < w < M(t)7 te
[to;t1). On the strength of the lemma 2.1 we conclude from here, that yo(t) > 0 for ¢ € [to;t;),which
contradicts (3.6). The obtained contradiction proves (3.4). Let us show, that 7' = +o00. Suppose T < +00.
By virtue of the lemma 2.3 from (3.1) and (3.3) it follows:

Yo(T) - + Y - .Ti .
/pO(T;%(T))d < yolto) I o (tor ) /IQR(tO, e L), (3.7)

to tO

T
Therefore, [ #’%dT < +00. On the strength of the lemma 2.2 it follows from here, that [to;T) is
to ’

not maximal interval of existence for yg(¢). The obtained contradiction shows, that T' = +o0. So (3.7) is
valid for all ¢ > to. Therefore, by (2.2) the inequality (3.2) holds. Since ¢o(to) = ¢(0) > 0, and yo(t) is
nonnegative, by (2.2) the function ¢o(¢) is positive and nondecreasing on the interval [to; +00). And if
¢@1y > 0, then by (2.2) and the lemma 2.1 the inequality (3.3) holds. The proof of the theorem is complete.
Remark 3.1. A solution ¢, (t) of the equation

(P(H)¢' (1)) + Q)¢ () + R(H)p(t) =0, £ > to,

such, that ¢.(t) #0, ¢ € [t1;t2), is connected with the function F' by the following relation

5O plyro o ey B o[ e (0)
orlesn{ 555 } = (tstients Py 5 ) e 1Pl S0

th/t;(;)/exp{_sjgggdg}zz(s)l;@(tl;s)dw@(K%)(t)} (3:8)

t1

where K - is the integral operator

t

o)) = [ 55 / exp{— / ﬁggdg}z%(sm(s)ds, e [hita).

t1 1

Indeed, since y.(t) = P(t) 9L 5 a solution of eq. (2.8) on the interval [t1;t2), by the Cauchy’s formula

B4 (t)
0=ty [ %har - [
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- foof- | G- [ oo et

t1 T

t
Multiplying both sides of this equality on % eXp{ f Qj;((:)) dT} and integrating from t; to ¢ taking into
t1

¢
account the equality ¢.(t) = @.(t1) exp{ ?jt,((:)) dT}, t € [t1;t2), we obtain:
¢

1

P« (t) PL(t) 4 1
I t1;t) — —— (Ko, (t, te|ti;ta).
5.0) outy) PRUE0 ~ gy e, relnit)
After making the first iteration in this equality, taking its exponential and multiplying by |¢p.(¢1)| we
come to (3.8). The question of an application of the equality (3.8) for establishing effective criteria of
global solvability of eq (1.1) is an issue of separate study.
Using the lemma 2.4 in place of the lemma 2.3 by analogy it can be proved

Theorem 3.2. Let ¢(g) # 0, ¢<1; > 0, and let for some ¢ > 0 the following inequalities hold:

0
ro(t; w) ~
qo(t; w) ‘ < Q)

=1+ P(t1)

po(t;w) > P(t), qo(t;w) > Q(t) >0, ro(t;w) <0,

po(t;w)

for |w| < G (to;t;(b(o);Po(toséﬁ(o))iE;

initial value conditions ¢o(to) = P(0), ¢'(to) = ¢(1), exists on the interval [to; +-00). The function [¢o(t)]
is positive, nondecreasing and satisfies the inequality

;) +e¢, t>to. Then the solution ¢g(t) of eq. (1.1), satisfying the

[Po(t)] < Gur (to;t;¢(0);po(to;¢(0))%), t > to.
()

And if ¢(1) 75 0, then (blo(t) 75 O, t > 1p.
Theorem 3.3. Let ¢;(t) be a solution of eq. (2.8) on the interval [to; +00), and ¢o(t) be a solution of eq.
(1.1) such, that
A1) ¢1(to) = dolto) >0, ¢(to) > do(to) =0 or

¢1(to) < dolto) <0, ¢ (to) < dolto) <0;
By) po(to;%(to))igggg <p1(t0;¢1(750))£1$3;-
Let in addition the following conditions hold:
C1) po(t;w) = p1(t;w) is a non increasing by w on the interval (—oo; 0] and non decreasing by w on the
interval [0; 4+00) function;
Dy) ri(t;wr) <ro(t;w) <0 for t > tg, |w| < |wy|, w, wy € (—o0;+00);
Eq) Z‘;Ei;ﬁg < % for t > tg, |w| < |w1|, w, wy € (—00;400).
Then ¢q(t) exists on the interval [tg; +00), and the function |¢g(t)| is positive and non decreasing.

Proof. Let [to; T) be the maximum interval of existence for ¢(t). Let us show, that

bo(t) #0, L€ [to;T). (3.9)
Suppose, that this relation is false. Then it follows from A;), that for some T} € (t9; ')
do(t) #0,  t€[to;T); (3.10)
$o(T1) = 0. (3.11)
It follows from (3.10), that yo(t) = po(t; Po(t)) iégg exists at least on the interval [to; T1). It follows from

Ay), that yo(t) > 0, t € [to;T1). By (2.2) from here and A;) it follows: ¢o(71) # 0, which contradicts
(3.11). The obtained contradiction proves (3.9). It follows from (3.9), that yo(t) exists on the interval
[to; T). Then since yo(to) > 0, by virtue of (2.5) it follows from D), that

yo(t) >0, t € [to;T). (3.12)
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Since by condition of the theorem ¢;(t) # 0, t > tg, y1(t) = pl(t;¢1(t))iigg exists on the interval

[to; +00). It follows from By), that y1(to) > yo(to). On the strength of lemma 2.5 it follows from here, A;)
and Cyp) - Eq), that

yo(t) <wi(t), T € [to;T). (3.13)
Let us show, that T'= 4o00. Suppose T' < +00.Then from Bj) and (3.13) it follows:

T T

Yo(T) Yy1(7)
/po(T;qbo(T))dT = /po(T;O)dT < e

to to

Using lemma 2.2 from here we conclude, that [to;7T') is not maximum interval of existence for yo (). But
in the other hand since [tp; T') is the maximum interval of existence for ¢¢(t), then [to; T') is the maximum
interval of existence for yo(t). We came to the contradiction. The obtained contradiction shows, that
T = +oo. Thus, ¢g(t) exists on the interval [tg; +00). Due to (2.2) it follows from A;) and (3.12), that
the function |¢g(t)| is positive and nondecreasing. The proof of the theorem is complete.

Definition 3.1. We call a solution ¢¢(t) of eq. (1.1) singular oscillatory of second kind, if the existence
domain of the ¢¢(t) is a bounded set, and if ¢o(¢) infinitely many times changes its sign.

Theorem 3.4. Let the following conditions hold:

Ag) poltiw) > P(t), LU > Q(t), t>tg, w e (—00;+00);

Bg) ro(t;w) >0, t>ty, w e (—o0;+00),

Then for each ¢y and ¢(;) a non-extendable on the interval [to; +00) solution ¢ (t) of eq. (1.1), satisfying
the initial value conditions ¢o(to) = @0y, ¢o(to) = ¢(1), is singular oscillatory of second kind.

Proof. Let [to;T) (T < 400) be the maximum interval of existence for ¢g(t). Then, it is evident, that

sup |go(§)[ >0, Ty € [to; T). (3.14)
Ee(T;T)

(otherwise ¢(t) will be extended by zero, i. e. ¢g(t) = 0) Let us show, that for each T} € [to; T) the
function ¢ (t) has a zero on the interval [T1;T). Suppose, that for some Tj € [to; T) the function ¢o(t)
has no zero on the interval [Ty; T). Let then ¢o(t) >0, t €

€ [To; T) (the proof in the case ¢o(t) <0, t € [To;T), by analogy). By (2.6) it follows from here, from
As) and By), that

(To; p(To))

odo(t) < Po 20 |¢/(T0)|exp{—/Q(T)dT}, te[Tp;T).

Therefore, ¢o(t) is bounded. Then due to (2.6) and (2.7) there exists finite limits , li%n . oo(t), , li%n . dH(t).
—T— —T—

It follows from here, that [to; T') is not maximum interval of existence for ¢o(t). The obtained contradiction
shows, that for every Ty € [to;T) the function ¢g(t) has a zero on the interval [T7;T). On the basis of
lemma 2.7 we conclude that from here, from Bs) and (3.14) it follows, that ¢o(t) is a singular oscillatory
solution of second kind. The proof of the theorem is complete.
Definition 3.2. We call a solution of eq. (1.1) oscillatory, if it exists on the interval [to; +00) and in every
neighborhood of 400 changes its sign.
Definition 3.3. We call a solution ¢(t) of eq. (1.1) singular oscillatory of first kind, if it exists on the
interval [tg; +00), supp ¢(t) is bounded and ¢(t) infinitely many times changes its sign.

Let for every € > 0 the functions p.(t), q-(t) and r.(¢) be real valued and continuous on the interval
[to; +00), and let p.(t) > 0, t >tg, € > 0. Consider the family of equations.

(p()d' (1)) + q=()¢' (t) + r-(t)p(t) =0, t>ty, &>0. (3.15.)

Theorem 3.5. Let the following conditions hold:
As) r(t;w) >0, t>1ty, we (—o0;+00);
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Bs) there exists €9 > 0 such, that for every e € (0; &)

po(t;w) < pe(t), ro(t;w) = re(t), for |w|=e, t=to,

and eq. (3.15;) is oscillatory;

Cs) there exists N > 0 such, that
CL) po(t;w) < P(t), Qo(tiw) ) < Q(t) for |w| < N, t >ty and

po (t;w)
+ooexp - TQ(s)ds dr = +00; (3.16)
J P(r)

to

(%) for every e > N the following inequalities hold: po(t; w) < p.(t), % < q. (1),
ro(t;w) > re(t) for N < Jw| < e and

70];:_)/Texp{—/T(Je(f)dé}rs(s)ds = +00. (3.17)

to to

Then each existing on the interval [tg; +00) nontrivial solution of eq. (1.1) either oscillatory, or singular
oscillatory of first kind.

Proof.Let ¢o(t) be a solution of eq. (1.1) such, that supp ¢o(t) is unbounded on the interval [tg; +00). Let
us show, that ¢o(t) has arbitrarily large zeros. Suppose, that it is not so, i. e. there exists ¢; > to such,
that ¢o(t) # 0, t > t1. Let then ¢g(t) > 0, t > t; (the proof in the case ¢o(t) < 0, t > t; by analogy).
Due to (2.6) it follows from Aj), that there can be one of the following three cases.

0) h(H) =0, t>

B) there exists ty > t1 such, that ¢o(t) < N, t >ta, @f(t2) <O0;

~v) there exists t3 > 1 such, that ¢o(t) > N, ¢ > ta, ¢(t2) <O.

Let the case a) holds, and let 0 < ¢ < min{¢o(¢1);€0}. Then yo(t) = po(t; po(t ))¢°(t) is a solution of eq.
(2.1) on the interval [ta; +00), and yo(t) > 0, ¢ > t;. By virtue of lemma 2.6 it follows from here and

from Bj), that the Riccati’s equation

y(t) =+ TE(t) = 07 t Z tla

has a solution on the interval [t1; +00). Consequently, corresponding equation (3.15.) is not oscillatory,
which contradicts C3). The obtained contradiction shows, that ¢(t) has arbitrary large zeroes. Let the
condition () holds. Then it follows from C3}), that

/ e"p{‘tz/ Ziiiii}p<d¢<>>>/ EXP{‘Z Qsfpiy 1zt G

to
+oo
It is easy to show, that from (3.16) it follows equality [ exp{ fQ } P(T) = +00. By (2.7) from here,
to

from Aj) and (3.18) it follows: , 1iIJP ¢o(t) = —oo, which contradlcts the suggestion: ¢o(t) > 0, t > t;.
—+00

The obtained contradiction shows, that ¢o(¢) has arbitrary large zeroes. Let the case 7) holds. Then from
C2) it follows:

t

/M(Ti;(ﬂ)/TeXP{_/mdf}ro(sa%(s))%(s)ds >

ta to s
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. / . / exp{— / qg(o}rg(r)dr

2 2 S
By (2.7) from here and from(3.17) it follows: tligrn ¢o(t) = —oo, which contradicts the suggestion:
—+oo

¢o(t) > 0, t > t;. The obtained contradiction shows, that ¢¢(t) has arbitrary large zeroes. Thus, we
showed, that a solution of eq. (1.1), existing on the interval [to; +00) and supp of which is an unbounded
set, has arbitrary large zeroes. Due to lemma 2.7 it follows from here and from As), that ¢o(t) is oscillatory.
Let ¢o(t) be a finite solution of eq. (1.1) on the interval [ty; +00), and let ¢g(t) =

=0, t>T;

gg[lt??(T] |¢50(f)| >0, t1 € [t(),T). (319)
Let us show, that for each Ty € [to; T) the function ¢o(t) has a zero on the interval [T1;T). Suppose,
that it is not so, i .e. there exists Ty € [to; T) such, that ¢g(t) does not vanish on the interval [Tp; T').
Since ¢o(T) = 0, on the strength of Lagrange’s mean value theorem there exists £ € [Tp;T) such, that
#6(€) # 0, and sign ¢o(Tp) = —sign ¢4(€). By (2.6) it follows from here and from As), that ¢y(7) # 0.
But, in the other hand, since ¢o(t) = 0 for ¢t > T, we have ¢,(T) = 0. We came to the contradiction.
Consequently, for every Ty € [to;T) the function ¢g(t) has a zero on the interval [T1;T). Due to lemma
2.7 it follows from here, from Az) and (3.19), that ¢o(t) is a singular oscillatory solution of first kind for
eq. (1.1). The proof of the theorem is complete.
Remark 3.2. If the solution ¢g(t) of eq. (1.1), satisfying the initial value conditions ¢o(to) = ¢ (to) =0
is unique, (¢o(t) = 0), in particular, if po(t;w), qo(t;w) and ro(t; w) satisfy the conditions of the remark
1.1, then eq. (1.1) has no singular oscillatory solutions of first kind.
Theorem 3.6. Let the conditions hold:
Ay) ro(t;w) >0 for t > 4y, w € (—00; +00);
B4) po(t;w), Z‘;Eif’u%, — ro(t; w) are non increasing by w on the interval (—oo; 0] and nondecreasing by w
on the interval [0; 400) functions.
Then for each ¢y and ¢y the solution ¢o(t) of eq. (1.1), satisfying the initial value conditions:

Po(to) = ¢y, Po(to) = d(1)s (3.20)

exists on the interval [tg; +00).

Proof. Let ¢g(t) be a solution of eq. (1.1), satisfying the initial value conditions (3.19),and let [to; T') be
the maximum interval of existence for ¢o(t). We should show, that T' = 4o00. Suppose T < +o00. Two
cases are possible:

«) there exists t1 € [to; T') such, that ¢o(t) #0, t € [t1;7T);

B) there exists infinite sequence tg < tg < to < ... < T such, that kEToo te =T, ¢o(tx) =0, k=1,2,....

Let the case a) holds, and let ¢g(t) > 0, ¢ € [t1;T) (the proof in the case ¢o(t) < 0, t € [t1;T), by
analogy). If ¢((t) < 0, then by virtue of (2.7) it follows from Ay), that ¢o(¢) has finite (nonnegative)
limit when ¢ — 7" — 0. Then by virtue of (2.6) the function ¢ (¢) also has finite limit when ¢ — 7" — 0.
Therefore, ¢g(t) continues to right at T, so [tg;T') is not maximum interval of existence for ¢q (). The
obtained contradiction shows, that T'= 4o00. Let ¢{(¢1) > 0. Two subcases are possible:
ar) ¢p(t) >0, t € [ty;T);
B1) ¢u(t) >0, fort e [t1;T1], ¢4(t) <0, for ¢ e (T1;T), for some Ty € (¢1;T) (by virtue of (2,2) and
(2.5) it follows from A,), that if ¢{(t1) < 0 for some #; € (t1;T], then ¢}(t) < 0, t € [ty;T]).

In the case o) the function ¢o(t) is nondecreasing on the interval (t1;7"). Then (2.6) it follows from

A,) and By), that
¢

60(t) < ¢6(t1)eXp{_/

1

qo(7; do(t1))

po(f;qbo(tl))dT}’ teftuT).

Therefore, ¢o(t) has a finite limit when ¢t — T — 0. It is evident, that the same we have in the case f1).
Then by (2.6) ¢y (t) has finite limit when ¢ — T — 0. So, [tp;T') is not maximum interval of existence for
¢o(t). The obtained contradiction shows, that 7' = +oc. Let the case 3) takes place. If ¢g(t) is bounded,
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then, it is evident, that the functions Po(t,;ﬁo(t))’ Zggzgg%, ro(t, ¢o(t)) are bounded in the interval [to; T).
By virtue of (2.7) it follows from here, that ¢o(t) has finite limit when ¢ — T — 0. Then arguing similarly
to the above (when we are dealing with the cases ;) and (1)) we conclude, that T'= +oco. Let ¢g(t) be

not bounded. Two subcases are possible:

a2) tiiTnlO ¢0(t) = +00;

B2) A, do(t) = —oc0.

Let the case ap) holds (the proof in the case 33) by analogy). Let ¢1(t) be the solution of eq. (1.1) with
¢1(T) =1, ¢}(T) = —1. Then there exists ¢ € [t1;T) such, that ¢;(t) exists on the interval [;T], and

o1(t) >0, ¢1(t) <0, tel[¢T]. (3.21)

It follows from () and «s), that there exists a point (1(€ [¢;T)) of local maximum for ¢o(t) such,

that ¢o((1) > gn%ca):(q $1(€) and ¢ < t,, < (1 for some m. Since t,, < {1 < t,, for some n > m and
S$

do(tm) = ¢do(tn) =0 < min{o1 (t;m), ¢1(tn)}, but ¢o(¢1) > max{d1(t,m), ¢1(t,)}, there exist & and &
such, that ¢ (&) = é1(€x), k= 1,2 and

Bo(t) > ¢1(t), te€(&1;82) (3.22)

(see pict. 1). Let y;(t) = po(t; ¢;(t)) Zigg, j =0,1. Then by virtue of (2.12;) the following equality holds:

e e [ B0 () +aolm b))
y1(t) — yo(t) = [y1(¢1) — yo(C1)] p{ C/ po(7; o (7)) d }

_!exp{—/ - +iggz?;g§)()s; ¢0(8))d5} KPl(T; ;)1(7)) ~ po(T éli’o(T))>y%(T)+

(D o)1) ) i far =0 2

to

pict. 1

An illustration to the part of proof of Theorem 3.6, related to the case ). Here [to;T)
is the maximum existence interval for ¢o(t). The "cap" in this picture is a part of the
graph of ¢¢(t).The decreasing curve is a part of the graph of ¢1(t); &1 and & are
points of intersection of graph of ¢g(t) and ¢1; (i is a local maximum point of ¢q(%).

It is evident, that
y1(¢1) < wo(C1) (=0). (3.24)
Since ¢g(t) > ¢1(t) > 0 on the interval [¢1;&2], then it follows from the conditions of the theorem, that

qo(t; ¢o(t)) o qo(t; ¢1(t))
po(t; @o(t)) — po(t; @1(t))

po(t; do(t)) = po(t; d1(t)), ro(t; do(t)) < rolt; P1(t)), , t€[C1;&]

Copyright © 2017 Isaac Scientific Publishing AAN



84 Advances in Analysis, Vol. 2, No. 2, April 2017

Then since y; () < 0 on the interval [(1; 2], it follows from (3.23) and (3.24), that y1(€2) < yo(&2). Then

@1 (&2) < ¢((&2). It follows from here, that ¢} (t) < ¢4(t), t € [€3;&a], for some &5 € ((1;&2). Therefore,
&2
J(1(7) = ¢o(7))'dT < 0, or, which is the same, ¢1(&3) > ¢o(&3) (since ¢1(&2) = ¢o(&2), see pict.1),
&3
which contradicts (3.22). The obtained contradiction shows, that T'= +o00. The proof of the theorem is

complete.

4 Some Applications

Consider the Emden - Fowler equation (see [2], p. 171):
(P’ () —t7¢"(t) =0, t >ty >0, n>1, p, o€ (—00;+00). (4.1)
Along with this equation, consider the equation
(6 (1)) — 716" 6() =0, > to. (4.2)

Here po(t;w) = t°, qo(t;w) =0, ro(t;w) = —t7|w|* L. We put: P(t) =t°, Q(t)
=0, R(t)=—t°. Let p > 1. Then

€2 l-p _41-p _
s E M S A oo T pearegs g Sl oy T

ta’+2—p _ ta+2—p ta+2—p
F(to;t;ci;c2) < Iclexp{ 0 : )}

It follows from this, that if —1 < o < p—1, then

F(to;t;cr;c2) <leile {62 o g }def A(to; c1;5¢2)
sticriea) < erfex - = Alto; c13 c2),
0 1;C2 1 p p—lo (0+1)(0+2—p) 05C1;C2
and if 0 < —1, then
o+2—p
C2 1 to def
F(to;t;c1;¢2) < ey eXp{ to P — } = B(tg;c1;c2).
( ) < lealesp{ St - 0 b Blteriea)
It is not difficult to see, that if
. )
—“l<o<p-2 Al to; Py to—— ) <1, (4.3)
(0)
or P
o< -1, B(to;qﬁ(o);tg(l)) <1, (4.4)
b(0)

then for eq. (4.2) the conditions of the theorem 3.1 hold. Therefore, for every ¢y, ¢(1), satisfying the

conditions ¢g) # 0, ii;; > 0 and one of the conditions (4.3) or (4.4), the solution ¢q(t) of eq. (4.2) with

do(to) = d(0), P5(to) = ¢y, exists on the interval [to; +00), and if takes place (4.3), then

¢
60(1)] < A(to; b0t ).zt (45)
and if takes place (4.4), then
. . p¢(1) .
|¢0(t)| < B t07 ¢(O)7t0 QS(O) y t> t07 (46)

the function |po(t)| is positive and nondecreasing. It is evident, that if ¢y > 0, then ¢o(t) is a solution
of eq. (4.1) too.
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Remark 4.1. If ¢(t) is a positive (negative) solution of eq. (4.2) (and n = 7, where n; and ny are odd),
then ¢(t) is a solution of eq. (4.1) too. Note that equations (4.1) and (4.2) are not equivalent for all n, e.
g. the equation ¢”(t) — $¢*(t) = 0 is not equivalent to equation ¢”(t) — +|4(t)|4(t) = 0, since the function
¢o(t) = —2 is a solution of the last equation on the interval [1;+00), but not of the first one.
1

Let p=0, o+4+n+1<0. Then (see [2], p. 173) the function ¢p(t) = %} =
is a solution of eq. (4.2). It is not difficult to see, that for p(t;w) = p1(t;w) = 1, q(t;w) = q1(t;w) =
0, r(t;w) =ri(t;w) = —t|w|"" 1, ¢t >ty,w € (—o0;+00), p=0, o+n+1<0 for equations (2.8)and
(4.2) the conditions C;) - E1) of the theorem 3.3 hold. Therefore, the solution ¢(t) of eq. (4.2) with
oo(to) # 0, iggg; < iﬁgg;, exists on the interval [tg; +00), and |¢g(t)| is positive and nondecreasing. It
is evident that if ¢o(tg) > 0, then ¢o(t) is a solution of eq. (4.1). For ¢g(to) < 0 the function ¢g(t) will be
a solution of eq. (4.1) if n = 2, where ny and ny are odd. If p # 1, then by invertible transformation

na
s=(p—1)"1r 1 p=(p— 1)(/3*0*2)/[(%1)(”*1)]% forp > 1;
s=1—p) P, ¢p=(1—p)~@tn/ln=D=Py  forp < 1.

eq. (4.2) converts in (see [2], pp. 171, 172)

W(s) = 57 ()" (s) = 0, 5 > 80 > 0, (47)
where
= (n+3), p>1;
o1 = (4.8)
=L, p< 1.

This transformation establishes a one-to-one correspondence between solutions of equations (4.2) and
(4.7), and existing on the interval [to; +00) solutions of eq. (4.2) transform in solutions of eq. (4.7), existing
on the interval [sg; +00). By already proved above for o1 +n+1 < 0 eq. (4.7) has two - parameter family
of solutions on the interval [so; +00). Therefore from (4.8) it follows, that in the cases p > max{l,o + 2}
and 21 +1 < p < 1 eq. (4.2) has two - parameter family of solutions on the interval [to; +00).
Definition 4.1. We say, that a solution (¢g(t),¥o(t)) of eq. (1.2) is conditionally stable for ¢t — +o0,
if there exists one dimensional manifold S 3 (¢g (o), %0 (to)) such, that for every e > 0 and for every
solution (¢(t), 1 (t)) of the system (1.2) there exists ¢ > 0 such, that |¢(t) — ¢o(t)| + [(t) — o (t)| < € for
t > 1o, as soon as ((to),P(to)) € S and |(to) — do(to)| + [¥(to) — o(to)] < 0 (see [10], p. 314).
Definition 4.2. We say, that a solution ¢g(t) of eq. (1.1) is conditionally stable for t — 400, if the
corresponding solution (¢o(t), po(t; ¢o(t))ds(t)) of the system (1.2) is conditionally stable for ¢ — +oo.
Let us show, that if p > 1, o < —1, then the solution ¢g(t) = 0 of eq. (4.1) is conditionally stable for

o+2—p
t — 4o00. Let S = {(¢(0), 1)) 10 < @) < eXp{(UtJfl)ﬁ}, by = O}, and let ¢(t) be a solution of eq.

(4.1) with (¢(to), thop(to)) € S, ¢(to) # 0. Then B(to; ¢(to); 0) < 1. By virtue of theorem 3.1 it follows
from here and from (4.4), that ¢(t) exists on the interval [to; +00) and satisfies the inequality

t8+2—p
< T T > : 4.
o(0) < dttoyexn{ s b 121020 (w9)
By virtue of (4.1) it follows from her, that
, tgrEe —tgt1
. < - > : 4.1
R e e L S AL (410)

Let € > 0 be fixed. We put:

s =51 877) oo i
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Let |p(to)| + [t5¢'(to)| < d. Then it follows from (4.9) and (4.10), that
|p(t)| + [the' (t)| < e for t > to. (4.11)

If ¢(tp) = 0, then by virtue of remark 1.1 ¢(¢) = 0, and, therefore, in this case the relation (4.11) also
takes place. Consequently, the solution (¢o(t), ¥o(t)) = (0,0) of the system

P(t) = t7¢"(t)

is conditionally stable for ¢ — oco. Then the solution ¢g(t) = 0 of eq. (4.1) is conditionally stable for
t — oo. Taking into account remark 4.1 we summarize the obtained result in the following form.
Theorem 4.1. The following assertions hold.

I). Let p > 1, and let ¢ (o) and ¢(y) satisfy the conditions: ¢(g) # 0, ii;; > 0 and one of the conditions (4.3),
(4.4). Then the solution ¢g(t) of eq. (4.2), satisfying the initial value conditions: ¢o(to) = ¢y, ¢p(to) =
}(1), exists on the interval [to; +00). The function |¢o(t)| is positive and nondecreasing, and if (4.3) holds,
then the estimate (4.5) is valid, and if (4.4) holds, then the estimate (4.6) is valid. If ¢y > 0 or if
$0) <0, n =1L, where ny and ny are odd, then ¢o(t) is a solution of (4.1).

IT). Let p=0, o+ n+1<0. Then the solution ¢o(t) of eq. (4.2) with ¢o(tg) #0, 0 < igggg < iggzg;,

exists on the interval [tg; +00), and |¢o(t)| is positive and nondecreasing. If ¢g(tg) > 0 or if ¢o(tg) <
0, n= {1, where ny and ny are odd, then @o(t) is a solution of eq. (4.1).

IIT). In the cases p > max{1,0+2} and =1 +1 < p < 1 eq. (4.1) has two - parameter family of solutions
on the interval [to; +00).
IV). If p > 1 and o < —1, then ¢g(t) = 0 of eq. (4.1) is conditionally stable for ¢ — +oo.
Remark 4.2. In the case p = 0 the existence of global solutions of eq. (4.1), which are different by their
properties from described in assertion II of theorem 4.1 (the Kneser’s solutions) follows from theorem
16.1 of book [1] (see [1], p. 371).

Let us compare theorem 4.1 with the following result (see [11], p. 8).
Theorem*. The following assertions hold:
i). There exists ¢ > 0 such, that every solution of eq. (4.7) with Cauchy initial conditions [¢(s)| <
g, |'(s] < e exists on the interval [sg; +00) if and only if o9 < —n — 1.
ii). If 01 > —n — 1, then every solution ¥(s) of eq. (4.7), satisfying ¢ (7)¢'(7) > 0 at some 7 > s¢ is non
continuable on the interval [so; +00).

In the assertions I) and IT) of the theorem 4.1 the region of the initial values ¢(to), ¢'(to) (¥ (s0), ¥'(s0))
for which the solution ¢(t) (¢(s)) of eq. (4.2) (of eq. (4.7)) exists on the interval [to; +00) ([s0; +00)) is
describes by well - defined relationships, whereas from the assertion i) of the theorem* we can not see
exactly for which initial conditions t(sg), %’(so) (except the trivial case 1)(sg) = 1'(s9) = 0) the solution
1 (s) of eq. (4.7) exists on the interval [sg; +00). From the assertion ii) of the theorem* it follows, that in
the assertion IT) of the theorem 4.1 the condition o +n 4+ 1 < 0 can not be replaced by weaker condition
0 +n+1<0. In this sense theorem 3.3 (which implies II)) is sharp. From the assertion ii) of theorem*
and from (4.8) it follows, that in the assertion III) of theorem 4.1 the condition p > max{1,0 + 2}
(21 41 < 1) can not be replaced by weaker condition p > max{1,o + 2} (2= +1 < 1). In this sense
theorem 3.1 (which is used in proof of III)) is sharp.

Let A(t), w(t) and v(t) be continuous functions on the interval [to; +00) and let A(t) > 0, wu(t) >
0, v(t) >0, t>tg. Consider the following Van der Pol’s type equation (see [12]).

A (1) + u(t)(¢*(t) — )¢’ () +v(t)g(t) =0,  t > to. (4.12)
Here po(t;w) = A1), qo(t;w) = p(t)(w? — 1), ro(t;w) = v(t) satisfy all of the conditions of theorem 3.6.
Therefore, for each ¢(g) and ¢y the solution ¢g(t) of eq. (4.12), satisfying the initial value conditions:
Bo(to) = ¢(0), Po(to) = ¢(1), exists on the interval [to; +00). We put:

P(t) = p:() = A(t), Q(t) =0, ¢=(t) = u(t)(e* — 1), re(t) = v(t), (4.13)
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t>ty, €>0, N =1.1It is not difficult to check, that if the following conditions hold:

a%). :Ooo;(l:) = zoo)j:)jexp{—jﬂ(f))(\i)_l)}y(s)ds = +oo when € > N;

b°). for 0 <e <eq the equations
A (1) + u(t)(® = 1)¢'(t) + v(t)p(t) =0,  t>to

are oscillatory, then for eq. (4.12) with (4.13) the conditions Aj) - B3) of theorem 3.5 hold. Then due
to theorem 3.5 the solution ¢g(t) either is oscillatory or is singular oscillatory of first kind. Since it is
evident that the functions po(t;w) = A\(t), qo(t;w) = u(t)(w? — 1), ro(t;w) = v(t) satisfy the conditions
of the remark 1.1, the solution ¢o(t), satisfying the initial value conditions ¢o(to) = ¢(0), ¢o(to) = @), is
exactly one, and consequently, due to remark 3.2 cannot be singular oscillatory of first kind. The obtained
result we summarize in the following form.

Theorem 4.2. Let A(t) > 0, u(t) >0, v(t) > 0 for t > ty. Then for each ¢y and ¢(;) the solution
¢o(t) of eq. (4.12), satisfying the initial value conditions:

do(to) = P(0), ¢o(to) = d(1), exists on the interval [to; +00). Moreover if in addition the conditions a°)
and b°) hold, then ¢y(¢) is oscillatory.

5 Conclusion

We have used the Riccati equation method to investigate some classes of second order nonlinear ordinary
differential equations. This method have made possible us to establish four new global existence criteria
for the mentioned classes of equations. We have proved two new oscillatory criteria for them as well.
These criteria were used to the Emden - Fowler equation, having applications in the astrophysics, and to
the Wan der Pole type equation, which is applicable for studying the dynamics of dusty grain charge in
dusty plasmas.
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