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Abstract Sturm-Liouville problem with boundary and discontinuity conditions was studied. For
the solution inverse problem necessary and sufficient condition was obtained by the classical
Gelfand-Levitan-Marchenko (GLM) type main integral equation and also algorithm was already
given.
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1 Introduction

We consider boundary value problem L for the equation:
I(y) = -y +qx)y=Iy, \=k?>,0<z <7 (1.1)
on the interval 0 < x < 7 with the boundary conditions
Uly) :=y'(0) =0, V(y) :=y(m) =0 (1.2)
and with the jump conditions
y(d+0) = ay(d —0), y'(d+0) = a~'y'(d — 0), (1.3)

where ) is the spectral parameter, g(z) is a real valued function with g(z) € L(0,7) and a (a > 0,a # 1)
is a real constant, d € (0, g)

Inverse spectral analysis has been an important research topic in mathematical physics. Inverse problems
of spectral analysis involve the reconstruction of a linear operator from its spectral characteristics e.g.,
see [2, 8,14, 20]. Later, inverse problems for a regular and singular Sturm- Liouville operator appeared in
various versions [ 4, 10, 12, 14, 16, 17, 19, 21, 22 ].

Assuming that heat flows only into the liquid which has an uninform density p(x) and is convected
only from the liquid into the surrounding medium, the initial boundary value problem for a bar of length
one takes the form

Ut = p(x)uwz (1*)

u,(0,8) =0 (2%)

— kAu,(m,t) = QM (dv/dt) + k1 Bu(t) for all ¢, (3%)
u(z,0) = ug(z) for x € [0, 7], (4%)

v(0) = vy

after factoring out the steady-state solution, where
() = 1, 0<z<d,
PEI=V a2 d<z <.

Assuming that the rate of heat transfer across the liquid solid interface is proportional to the difference
in temperature between the end of the bar and the liquid with which it is in contact (Newton’s law of
cooling) and applying Fourier’s law of heat conduction at z = m, we get
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v(t) = u(m, t) + ke tu, (771,t) for t > 0, where ¢ > 0 is the coefficient of heat transfer for the liquid.
If we put u(z,t) = y(z)exp(—At), then problems (1.1)—(1.3) will appear to be the result of the above
problem. Indeed, condition (1.2) is obtained from (3*), easily. Here

c cA+ kB k1Bc

Hzf, H1:Q7M and HQZQM}C.

Finally, if we put

{x, O<z<d,
t:
ar,d <z <,

then the discontinuity conditions (1.3) and a particular case of equation (1.1) will appear. This corresponds
to the case of nonperfect thermal contact. Since the density is changed at one point in the interval, both
the intensity and the instant velocity of heat change at this point. Hence, equation (1.1)-(1.3) will appear
to be the result of the above problem.

Boundary value problems with discontinuity conditions inside the interval often appear in applications.
Such problems are connected with discontinuous material properties. Inverse problems with a discontinuity
condition inside the interval frequently arise in mathematics, mechanics, radio electronics, geophysics, and
other fields of science and technology. For example, discontinuous inverse problems appear in electronics
for constructing parameters of heterogeneous electronic lines with desirable technical characteristics [15,
18]. As a rule, such problems are related to discontinuous and nonsmooth properties of a medium (e.g.,
see [10, 13]). Discontinuous inverse problems (in various formulations) have been considered in [10, 13]
and other works. Generally, for recovering the potential function on the whole interval it is necessary to
specify two spectra of boundary value problems with different boundary conditions. The inverse problem
for interior spectral data of the differential operator consists in reconstruction of this operator from the
known eigenvalues and some information on eigenfunctions at some internal point.

A complete solution of the inverse spectral problem for a class of Sturm-Liouville operators must consist
of two parts: (1) an explicit description of the set of spectral data for the operators in Sturm-Liouville
and (2) development and justification of the method of recovering the operator in Sturm-Liouville that
corresponds to arbitrary given spectral data in spectral data. The algorithm of recovering the potential ¢
from the spectral data of a regular Sturm-Liouville operator based on the transformation operators and
the so-called Gelfand-Levitan-Marchenko equation was developed by Gelfand-Levitan [8] and Marchenko
[16] in early 1950-ies.

The first complete solution of the inverse problem that is based on an exact integral approach was
obtained by Gelfand and Levitan [1, 8] for the potential problem in the Schrodinger wave equation. In
electro magnetics, the above approach is directly applicable to the case of inversion with a transient plane
wave, normally incident on a planar stratified lossless medium [9], provided that the wave equation is
converted to the Schrodinger equation. Generalizations of the Gelfand-Levitan approach to the case of
oblique incidence [5], dissipative media [12], etc, were all based on deriving a Schrodinger-type equation
from the basic wave equation through a series of transformations, and reconstructing the unknown
potential, which is related to the medium parameters, via the Gelfand-Levitan procedure. Other inverse
methods which are based on an integral equation and are in the same spirit as the Gelfand-Levitan
approach are the ones due to [9]. A review of some of these integral inverse methods and others can be
found in the review paper by Newton [28].

Faydaoglu and Guseinov [7] had considered the following eigenvalue problems of differential equations
with impulsive perturbation

= [p)"] + a(t)z = vp(t)z, t € [0,a) U (a,b] (5%)
z(a”) = azx(a™), 2’ (a”) = B2/ (a™) (6%)
2(0) = z(b) = 0. (7)

They proved that the eigenvalue problem (5*)—(7*) has a countably infinite set of eigenvalues vg, V4, ...tending
to +0o and eigenfunctions was proved and a uniformly convergent expansion formula in the eigenfunctions
was established.
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In this aspect, the studies of Gelfand, Levitan [8], [14] and Marchenko [25] include basic investigations
related to the integral representations of solutions to various direct and inverse problems for the Sturm-
Liouville differential operators.

Inverse spectral problems were studied for the second-order differential operators on a finite interval
with discontinuity conditions inside the interval.

As different from [21], in this study, solution of inverse problem is reduced to the solution of the
Gelfand-Levitan-Marchenko (GLM) type main integral equation which is used for solution of inverse
problem in classical case. Item 3 deals with the solution of the inverse problem. We prove existence
and uniqueness of the solution of the Gelfand-Levitan-Marchenko (GLM) differential equation and give
a procedure for the solvability of classical inverse problem for impulsive differential operators. Also,
necessary and sufficient conditions for existence of solution of inverse problem are mentioned in terms of
given sequences. Moreover, an example which contains an algorithm for solution of inverse problem is
given in the end of this paper.

2 Preliminaries

Let the function ¢(z, A) be the solution of equation (1.1) that satisfies the initial conditions

and the jump condition (1.3). Let Ao, A1, ...be the eigenvalues of the boundary value problem (1.1)-(1.3).
Then ¢(z,\,) (n > 0) are the eigenfunctions of this boundary value problem. Let ¢o(z, A)) (n > 0) be
a solution of the equation (1.1) in the case q(z) = 0 satisfying the conditions (1.2)-(1.3). A3, \?, ... are
eigenvalues of the boundary value problem (1.1)-(1.3) when ¢(z) = 0. The numbers «,, which

an = [@*(z,\p)dz,n=0,1,... (2.2)
0
are called the normalizing constant of the boundary value problem (1.1)-(1.3) .
Then, the numbers o, (n =0,1,...) are called the normalizing constant of the boundary value

problem (1.1)-(1.3) when ¢(z) = 0.
It is easy that the functions eg(x, A) is the solution of equation (1.1) in the case ¢(z) = 0 satisfying
the initial conditions eg(0,A) = 1, e((0, A\) = ik and the jump conditions (1.3) can be written as

(2.0) etk 0<z<d,
eo(x, \) = ) )
’ ater 4 q=etk(Rd—2) g 0 < g

1 1
where a* = = <aj: )
2 a

The following theorem related to the integral representation (transformation operator) for the solution
e(x, A) can be found in [4].
Theorem 1. [, Theorem 1.] Let [ |q(t)| dt < 4o00. Then each solution satisfying the initial conditions
0
e0(0,2) =1, (0, ) = ik and the jump conditions (1.3) has the form

e(z,\) = ep(z, \) + /K(x,t)eiktdt

with [ |K(z,t)|dt < e1@) —1 where o1(z) = [ (v —t)|q(t)|dt, c = at +]a"| + 1.
S 0

If the function g(x) is differentiable then the kernel K (x,t) satisfies the following properties:
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Kpp(z,t) — q(2)K (2,t) = Ky (2, 1), K(z,x) = 5 [q(t)dt,

K(z,2d —z +0) — (x2d—x—0):%

C—=y

q(t)dt,

K(z,—z) = 0 where K = K(z,t) + K(z, —t).

Remark 1. [4, Remark] It is easily shown that if q(z) € Lo [0, 7] then
K (z,-) € Ly [0,7] and K (z,-) € L2 [0,7].

Let us denote problem L as Lg in the case of g(x) = 0. It is easily shown that the solution ¢q(x, k)
satisfying the initial conditions ¢o(0,k) = 1, ¢{(0,%) = 0 and the jump conditions (1.3) can be written as

coskz, 0<x<d,
(2, A) = { Tcoskxr +a cosk(2d —x),d <z <, (2:3)
Let Ag(k) be a characteristic function of problem Lg. Then characteristic equation of the problem Lg

is written as

Ao(k) = at coskm +a” cosk(2d — ) = 0.

The roots kY of this equation are eigenvalues of the problem Lg.Under these conditions boundary value
problem (1.1)-(1.5)possesses the following spectral properties:
a) i;lf ‘kg — k%‘ = 8> 0, i.e., roots of characteristic equation Agy(k) = 0 are separated.
n#m

b) Eigenvalues of the problem L are simple, that is A(k,) # 0.
c¢) Eigenvalues of the problem L have the following asymptotic behavior

dn  Op
_ 0

where 6, = & [ K,(m,t)sinkOtdt € Ly, kO = n+ h,,, sup |h,| < +o0 and
Fn 0

at

sin k¢
d, = H

m—a” sinky (2d—m) fq t)dt is a bounded sequence.
280(KO)KY

d) Normalizing numbers of the problem L have the asymptotic behavior

On
an, =ad + o (2.5)
where 4 d
al = ((a)? + (a7)?) T g + 3 +2ata” (1 — d) cos 2k0d + 61, (2.6)
and k%d kO kod +
sin 2 sin 2k, sin 2 ata” .
51” = Tg (a+)2T9L" — (CL+)2 4k2n kg S 2]{12(7{' — d)

a”)? (a”)?
4k:0 sin 20 (2d — ) + 10 sin 2k0d, 6,, € {5 .

n

Lemma 1. The specification of the spectrum {A,}, ~, uniquely determines the characteristic function

A (X) by the formula

- (2.7)
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Proof. Tt follows from

A(N) = at coskr +a” cosk(2d — ) / m,t) cos ktdt (2.8)
0

that A(k) is entire in A of order 1/2, and consequently by Hadamard’s factorization theorem [6, p.289].

A()) is uniquely determined up to a multiplicative constant by its zero:

_c f_] <1 - ;) (2.9)

consider the function. For A — 0 we obtain

Ao(\) = at coskm +a” cosk(2d — ) = C H <1 — > ,

AN C A Ay — A9
h —at+a” =a. Th = Il T I (1 + 55— ) -
where Cp = a™ +a a en Ao\ a =0 X, [Tnzo (1+ A0 — A

Taking (2.4) and (2.8) into account we calculate
An

m AN = lim 2 >\n—)\% =1 and hence C = a[] 2 Substituting this
A—+i00 Ao()\) o P A S tico T 0 )\91 - ) a ence = allp=0 )\() ubstituting S

into (2.9) we arrive at (2.7). I

When ¢(z) = 0 formula of g (z, \?) is as follows;

cos kY, 0<x<d,
(z,k0) = (2.10)
atcoskdr +a=cosk?(2d —z),d <z < .
One can consider the relation (2.3) with respect to cos kx. Solving this equation we obtain
(IOQ(Z‘,]C), 0<l‘<d,
coskx = (2.11)

atoo(z, k) —a"po(2d — x, k), d < x < 7.

3 Results

The Wronskian of any two solutions y;(x, A) and y2(x, \) of (1.1)-(1.3) is constant on [0,d) and (d, 7]
and using the impulse conditions (1.3) we get

W (y1, y2)‘z:d+0 = W (v, y2)|z:d7() :
Theorem 2. (i) The system of eigenfunctions {p(x,kn)},>q of the boundary value problem L is complete

mn LQ (O, ’/T).
(ii) Let f(x),z € [0,d) U (d, 7] be an absolutely continuous function and
fld+0)=af(d—0), f'(d+0)=a"tf(d—0). Then
oo 1 m
= Z anp(x, kn), an = — [ f(t)p(t, kn)dt (3.1)
n=0

and the series converges uniformly on [0,7].
(iii) For f(x) € La(0,m) the series (3.1) converges in L2(0,7) and

/ |f () do = Z o |an|?, (Parseval’s equality) (3.2)
0 n=0
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Proof of this Theorem 2 can be done by using proof of Theorem in reference [2].
In addition , we obtain the theorem that the statement above, since the eigenfunctions {¢(x, kn)},, >0
are complete and orthogonal in L (0, ), they form an orthogonal basis in Ly (0, ) and Parseval’s equality

(3.2) is valid.

We will refer to the sequences {A,},~, and {ay},,~ as the spectral characteristics of the boundary
value problem (1.1)-(1.3). Consider the function B

00 0 0
Z <<p0 (t.kn) coskpa gpo(t,kn)ocos knx) (3.3)
— an
F(x,t) = atFy(z,t) + a” Fo(2d — x,t)
_ & (poltyka)go(@,kn) 9ot k9)@o(, k9) (34)
B 2 an B ad

with the help {An}, 5, and {as},, 5, sequences.

Theorem 3. [15, Theorem 3] For each fized x € (0,7, the kernel K (x,t) appearing in representation
oz, \) = polx,\) + /Or K (z,t) cos ktdt (3.5)
satisfies the linear integral equation
F(x,t)+a+R(x,t)—af((x,Qd—t)—t—/Oz K(z,6)Fy(&,t)dé =0, 0<t<z. (3.6)
Theorem 4. For each fized x € (0,7 equation (3.6) has a unique solution K (x,-) € Ly(0,z).

Proof. Firstly, we show that (3.6) can be written such as (I + B) f = g for x > d where B : Ly (0,7) —
L5 (0, 7) is linear bounded operator, and I is identity operator. It is obvious that (I + B) f =g for < d.

For z > d, we write (3.6) such asL, K (z,-) + K,K(x,-) = —F (z,-) where

[ t<d<zx
(Lo f) (1) = {a+f(t)af(2dt) d<t<uz
= [ f(O)Fo (&, t)de, O<t<z.

Now, we show that L, has a boundary inverse in Lo (0, 7). We have

(Laf) (t) = a* f(t) —a” f(2d —t) = ¢(t), (t) € L2(0,m). (3.7)
Substituting 2d — ¢ by ¢ in (3.7), we obtain that

o(2d —t) =a™ f(2d —t) —a” f(t). (3.8)
Subtract (3.8) from (3.7), we get
o [t t<d<uz
F(t)= (Ll’lw) (t) = {f"’gp(t) —a"p(2d—1t),d<t<z.

Huwfw:jjvafw+QWU|%t 2
- 0 \<p(t\ dt+fd+o|a+ ()—a_<p(2d—t)\ dt
0
<[y e OF dt+a+fd+0|cp O dt +a~ f2d - ()| dt.
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Since ¢(t) = 0 for ¢t > m, we have
1Ol py0m = Jo (¢ ) dt < C fy le(t WP dt = C |t M La0,x) - Hence, L, has boundary inverse in

L5 (0,7) . Thus, we can write the main integral equation (3.6) as

f((l‘, ) + (Lzle) f((l‘7 ) = _LglF (337 )

where L 'K is completely continuous operator in Ly (0,7). Since (3.6) is a Fredholm equation, it is
sufficient to prove that the homogeneous equation

atK(t) —a” K(2d —t) + /Ow K(&)Fy(&,t)dE =0 (3.9)
has only the trivial solution K (t) = 0 by [17, Theorem 3 |. Let K(t) be a solution of (3.9). Then
JE (et K () —a"K(2d—1))* dt
+ [y (a*K(t) —a” K(2d —t)) [ K(&)Fo(&, t)dédt = 0.

By using (2.11) and (3.3), also we consider that K (&) = 0 for £ < 2d — x, to get

JE(atK(t) —a K @2d— 1) dt + (at)” [T K@) [T KX, olt, k"c):p“(f’ k) ge

n

_ foz f((t) f; f((f) ZZOZO @O(ta kn)@0(2d — f’kn)dgdt

n

—ata- foz K(?d — 1) fdz K(f) Zzozo wolt, kn)@@(&vkn)dgdt

n

oS} ¢O(t7kn)@0(2d_§7kn)

fo K(2d —t) [} K(&) Y0, - dédt
R [7 R i, PR GO gy,
tatam [T RQd—1) [T KX, olt, k )‘g 0(&:K) g gy
VIR 1) [ R, #o(t: kn) o a(2d & ")dgdt
) R [ R S, P &R ey

Replacing 2d — £ by £ in this equation1 we get
Jo (et K(t ) —a"K(2d—1)) dt + Y2 0 [fo (st K () — a= K (2d — t)) @o(t, kn)dt]”
=Yoo oo Uo (a*K(t) —a” K(2d - t)) wo(t» K)dt]”

Usmg Parseval’s equality
Jy (a® —a K(2d - t)) dt = Uo (a™ —a”K(2d —t)) ¢olt, kg)ahf]2 for the function

atK(t) — a’f((?d —t) € Ly(0, 77) extended by zero for t > = we obtain that

S 0 [ (@t B (1) —am K (2d — 1)) olt, ka)dt]” =

Since v, > 0 then [ (a*K(t) — a”K(2d —t)) ¢o(t, kn)dt = 0, n=0,1,.... The system of functions
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{®o(t,kn)}, >¢ is complete in Lo(0, ) [11], we obtain atK(t) —a K (2d—t)=0.

That is, (wa() (t) = 0, where L, is the operator which defined above . Since L, has a bounded

inverse, we have K (z,-) = 0. Which means that the main integral equation has a solution and it is unique.

Lemma 2. Assume that numbers {\,, o}, o satisfying the conditions of the form(2.4) and (2.5) are

given and denote

o) = i <cos knt  cos k,%) (3.10)

0
o (0%
n=0 n n

T
where af) = { " 0 . Then b(z) € W4 (0,d) U (d, 27) .

T, n=0

Proof. Denote &,, = k,, — k9.

kn k0 1 1 1
Since SXHn® 08 O”x = — (cos kpa — coskpx) + ( - 0) cos k.,
an ad a? anp Al
cosky,x — coskdr = —¢, sinkQx — sinkOz (sine,x — ,x) — 2sin? % cos k) x
we have b(x) = By(z) + Ba(z) where
2. dpzsinkOx
| o0 §, 2 sin kO
By(z) =3 (— - coskpz — 3 nLAM T
"=\a, af =1 afko
n . 10 non 0 (3.12)
I . sin kyx I . 9 Enx coskyx
— D omey (sinepzr —e,x) a0 Y onq2sin 2 a0
1 1 1 On 1 1 . .
Since ¢, = O <n> Can ol = “H +0 <n> where 6, = Efo K, (m,t)sin k0tdt the series

in (3.11) and (3.12) converge absolutely and uniformly on [0,27] and By(z) € W3 (0,d) U (d,27),
Bi(x) € W3 (0,d) U (d, 27) .

Consequently b(z) € W4 (0,d) U (d,27) . 1

Since Fy(z,t) = % [b(x +1t)+b(x—1t)] + % [b(x — 2d +t) + b(x + 2d — t)], then Lemma 6 implies
that Fy(x,t) is continuous and
F(z,t) = a™Fy(z,t) + a= Fo(2d — z,t) € W3 (0, 7).
According to (3.3) and (3.4)

Fo, (,t) = Fy_(z.t), Fj(z,t) = F,(z,1) (3.13)

Fo(z,t)|,_o = a™b(t) + a~b(2d — 1),

_b(2d + ) + b(2d — z) (3.14)
2

Fo(z,t)],—g = a™b(z) + a
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BFO(x,t) - aFo(f,t) 8F0(2d—l‘,t) - (9F0(§,t)

= 7 = 3.15
Oz 73 ’E_a: Oz 9¢ §=2d—z ( )
a” dK(x, ) _d
oK@, _ (3.17)
ot t=0
2 dK (x, x)
q(z) = P (3.18)
Lemma 3. The following relations hold
—¢" (@A) +a(@)e(z, ) = Ap(a,N), A=k (3.19)
e(0,N) =1, ¢'(0,)\) =0. (3.20)

Proof. 1) First we assume that b(z) € W3 (0,2n) where b(z) is defined by (3.10). Differentiating the
identity

J(x,t) = F(z,t) + a* K(x,t) —a” K(x,2d — t) + /0z K(z,&)Fy(€,t)dé =0, (3.21)

we calculate
J/(z,t) = Fl(z,t) + aT K[(x,t) —a” K}(2,2d — t) + / K(z,&)F}, (&,t)d¢ =0, (3.22)
0

T, t) = Flj(z,t) + at Kjj (2, t) — a” Kfj(2,2d — 1)
8F0<£,t>‘
65 £=2d—x
~ 8F0(§,t)‘ 0K (x, 5)’
— K(z,0) —2~
(iﬁ ) 9¢ §=x 29 £=0
OK(x,f)’
- — Fy(x,t) + ———= Fo(2d —z+0,t
35 E=x O(x ) 85 §=2d—z+0 0( ! )

Fo(2d—x—0,t) + [ K” (x,&)Fo(&,1)dE =0

— [K(2,2d — 2+ 0) — K(z,2d — z — 0)]

Fo(0,1) (3.23)

Ji(z,t) = Fi(z,t) + a* Ko (2,t) — a” K. (z,2d — t) + [ K(z,&)F, (&,1) g
K(mx)Fo(act)—i—[K(x 2d — 2+ 0) — K(x,2d — 2 — 0)] Fy(2d — z,t)

J (x,t) = Fl (x,t) + a+f(;’w~(x, t)—a K" (x,2d —t)
" 0K (2,§)
+ [ Kl (2, &) Fo (&, t)dE + Fo(2d —x +0,1)

O L=2d—xj—0
_ 9K(,€)
0

Fo(2d —x — 0,1) + ({)K(;x’f)‘ Fo(z, 1)
£=2d—a—0 T le=a (3.24)
8F0(a:, t)

Ox
—x—i—O)—f((x,Zd—x—O)]

+ )Fo(x,t) —I—f((:mx)
+ 8F0(2d - $,t)
ox

di (2,2d — 2 +0) — K(z,2d — 2 — 0)] Fy(2d — z,t) = 0.

(x,x
dz
[K (,
&
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It follows from (3.21), (3.23) and (3.24) and the equality

T ) = T t) — g@)T (1) = 0
that
a+I~(;f_r(:L',t) - aff(;' (z,2d —t) — [ +I~(t’;(z t) — a’f(&(mﬂd—t)}
—q( ) [_K(x t)—a K(a? 2d — t)] (3.25)
+ Jo [Kl(2,€) — Kji(2,€) — q(x) K (2, €)] Fo(€,t)dé = 0.

According to Theorem 4 , this homogeneous equation has only the trivial solution, i.e.

K! (z,t) — KJ}(2,t) — q(x) K (x,t) =0, 0<t<u. (3.26)
Differentiating (3.5) twice, we get

@' (x,\) = ¢p(x, A) + Iy I:(;(x, t) cos ktdt + K (x, x) cos kx

+ [K(z,2d — z +0) — K(z,2d — x — 0)] cos k(2d — z) (3.27)
@ (2, ) = o (2, \) + [y K}, (w,t) cos ktdt
+ 3K(x 2 coskx + dK(z,z) coskx — K (z, z)k sin kx
or |,_, dz
0K (z,1) _ O0K(z,1) cos k(2d — ) (328)
9 |i—94-at0 9 |ig40—o ’

d - _
+ e [K(z,2d —z +0) — K(2,2d — z — 0)] cos k(2d — z)
x
+ [IN{(x,2df:c+O) - K(w,?dfxfO)] ksin k(2d — x).
On the other hand, integrating by parts twice, we obtain

Aoz, A) :~k;2g00(m,)\)
- [K(z,2d — 24 0) — K(z 2d—z -0 jksmk 2d — x)

- ) aK(as t) OK (z,1)
+ K(z,z)ksinkx — Ey 5 cos kx

[ _ 11=0 t=e (3.29)

OK (z,t)
8t cosk(2d — x)

t=2d—x+0 t=2d—x—0

Kz t) os ktdt.

- fo
Together with (3.5) and (3.28) thls gives
OK (z,t)
8'1: ’t:x
OK (z,t)
ot

(2 0) + Mol A) — q(a)p( A) = [ ] cos ka

erf((x,x) OK (z,t)
dx Ox

K K
_ | 9K(z,t) cosk(2d — z) — 2K
r  |imsq—u—o t=2d—z—0 ~ ot
d dK (z,x)

+d7[ (z,2d — 2z +0) — K(z,2d — z — 0)] cosk(2d — z) — 2 o

t=x

coskx + ] cosk(2d — x)

t=2d—x+0

t=0
cos kx
—Qdi [f((x, 2d —z +0) — K(2,2d — z — 0)] cos k(2d — z)

+fo [KU z,t) — Kj(z,t) — q(z) K (x, t)] cos ktdt.

Taking (3.16), (3.18) and (3.26) into account, we arrive at (3.19). The relations (3.20) follow from
(3.5) and (3.27) for z = 0. I
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Lemma 4. For each function g(x) € Lo (0,7)

o0

ﬂgQ(x)dx => B g(t)p(t, ky)dt i . (3.30)
0 —1 % \Jo

Proof of this Lemma can be done by using proof of Lemma in reference [2].

Corollary 1. For arbitrary functions f(zx), g(x) € Lo (0,7)

™ o 1 ™ ™
/ F@)g(a)da = ZOT/ otk )dt/ o)t k)t (3.31)
0 0
Lemma 5. The following relation holds
d—0 ™
0, n#m
+/ gpt,kmgat,kndt:{ ’ 3.32
(/ M) (4 k)it ke = { > 7 (3.32)
Proof. 1) Let f(x) € W [0,]. Consider the series
n=0
where L
Cn 1= f(x)p(z, ky)de. (3.34)
n Jo

By using Lemma 5 and integration by parts we obtain

(x, kn) + q(x)p(2, kn)] do

L ) (7, ko) + —

Ok Ok

L pm)e(m k) — — F(0)(0, k)

ki ki

b T ol ) [ () + g(@) f ()]

n'vn

F(0)¢' (0, k)

+

Applying the asymptotic formulae, (2.4) and (2.5) one can check that for n — oo

en =0 (7112> , oz, ky) = 0(1)

uniformly for « € [0,7]. Therefore the series (3.33) converge absolutely and uniformly on [0,7].
According to (3.31) and (3.34)

fo x)dr = Z Cn fo fo E en(t, kn)dt = fo

Since g( ) is arbltrary, we obtain f (:U) = f(=), i.e.

=3 cap(@, kn). (3.35)
n=0

2) Fix m > 0 and take f(x) = ¢(z, k). Then, by virtue of (3.35)
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oo 1 -
(P(x, km) = chm@(xakn)v Cnm = 0[7 o QO(CE,km)QD(Z',kn)dl'
n=0 n

Further, the system {¢(z,k,)},~o is minimal in Ly(0,7) and consequently, in view of (3.5), the system
{o(z,kn)}, >0 is also minimal in Ly(0, ). Hence ¢pm = 8nm (6nm, is the Kronecker delta), and we arrive
at (3.32). B

Lemma 6. The constants a and d in the eigenvalue problem (1.1)-(1.8) are uniquely determined by the
eigenvalues provided 0 < d < g and |a — 1] > 0.

Proof. The proof is similar with Lemma 5 [10, Lemma 6]. I

Lemma 7. For allm > 0,
o(m k) =0 (3.36)

o(d+0,k,) = ap(d — 0, ky), O (d+0,ky) =a" ¢ (d—0,k,) (3.37)

Proof. Tt follows, from Lemma 2 in [3]

K

(s = ko) [ ol ) ) = (&'l ) = o) G ) (184 )
0

Taking (3.32) into account, we get

' (7, km ) (70, k) — (70, ki)@' (7, k) = 0. (3.38)

Clearly, ¢'(m, ky,) # 0 for all n > 0. Indeed, if we suppose that ¢'(m, k) = 0 for a certain m, then
¢ (7, ky) = 0 and in view of (3.37) for n # m. From (3.5)

O (m,kn) = @p(m, k) + /f(x(w, t) cos kptdt + K (m,7) cos ky,m
0

ie. @' (m,kn) ~ @y(m, kn) # 0 for n — oo, it contradicts with ¢'(m, k,) = 0 for n # m.
Thus ¢/ (7, k,,) # 0 for all n > 0. Since ¢/ (7, ky,) # 0 for all n > 0, from (3.38) we obtain

@' (7, kn) o', k)

That is, @' (m, kn)H = @(m, ky,) for all n > 0. Since ¢(m, ky,) = o(1) for n — oo, we obtain H = 0. Hence
o(m, ky) =0 for all n > 0.
From (3.5) for z - d+0, ¢(d+0,k,) —ap(d—0,k,) =0.

Since ¢’ (,\) = @j(z,\) + K (2,x) coska + [ K, (x,t) cos ktdt,
0

o(m, kn) (7, k) .

O(d+0,ky) —a o' (d—0,k,)=0. 1

Together with Lemma 4, Lemma 6 and Lemma 7 this gives that the numbers {\,, oy}~ are the
spectral data for the constructed boundary value problem L(g(z)). Thus, the following Theorem is proved.

Theorem 5. For real numbers {\,,an},~, to be spectral data for a certain boundary value problem
L(q(z)) with q(z) € La(0,7) , it is necessary and sufficient that ky, # kn,, (n # m), an, > 0, and that
(2.4)-(2.5) hold.

The boundary value problem L(g(x)) can be constructed by the following algorithm:
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Algorithm 1. (i) From the given numbers {\n, an}, ~, construct the function F(x,t) by (3.4).
(ii) Find the function K(z,t) by solving equation (3.6).
(iii) Calculate q(x) by the formulae (3.18).

Example 1. Assume that the spectral data of some eigenvalue problem of the form (1.1)-(1.3) is the
following:

kn=k, apn=al+6, Kk =n+h,, h,€/l.

1
Since hy, € (0,1) for all n € N, h, f.Letkgzn—i—i,d:g.
Then from (3.3) and (3.4), we have

1 1 t t
Fo(z,t) = <ao - a8> (a"‘ cosgcos§ +a” cosgsin 2>

+)2 _
F(z,t) = LI B G cos £ t +a'a*sinx+t
’ ap Al 2 2

Solving equation (3.6) and by using relation (3.18) we obtain

. .t
—gin —sin —| .
2 2

~ ( 1 1 ) (atcos§ +a” sin %) ([(a+)2 + (a7)2] cos 5 4+ 2ata” sin ;)

K(x,t)=— -
1+ (L _ %) [7(‘#)2;(“ )? (z +sinz) + 2ata~ sin %}
0

ap Al

and

5 (&= 3) @ +3@] [L @) 436

) [#9% (2 4 sin ) + 200 sin 3 )

2

~—~
—
_|_
/
g —
opo‘ =

-0
0
24 2
(1 + (i - ig) [M (z + sinz) + 2ata~ sin %D

() (e ) o 0 ) o)

a

2

@)oo’ ; —inz])?
[ (x +sinx) + 2ata smﬂ)

+a~ (3 (a*)® + (a’)Q) cosx +2ata~ (i - %) [,Cﬁ sinz +a~ (3 (at)” + (a*)2> cos x] sin §

(e7%)) (XO

B 2
(1 + (7 _ 70) [W (x + sinx) + 2ata~ sin %})

g

+ata~ (O%O — 0%3) [—a“‘ (1 +(a™)?+3 (a_)2) —a (3 (at)” + (a_)2) sinx} cos §

2 _ 2
(1 + (i - %) [M (z +sinz) + 2ata~ sin %D
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In order to reconstruct the second boundary, we construct the solution ¢(z, A) by using (3.15)

(2, A) = @olx; A)
. . Ak sin kx [((a+)2 + (a*)z) (a™ cosx + a sin x)]

) G (e (- ) [ w2 )

%o

+4k sin kx [a* ((a+)2 +3 (a*)2) +2ata” (atsinz —a” cos :c)]

(4k%2 - 1) (1 + (i - %) {W (x +sinx) + 2ata~ sin %D

(e 7)) Ozo

+2cos kx [((a+)2 + (a*)Q) (a” cosz —aTsinx) +a” ((cﬁ)2 - (a’)z)]

(4k2 —1) (1 + (aio - %) [M (x4 sinx) + 2ata~ sin %D

Qg

+4a*a” coskz (at cosz + a” sinx)

(4k%2 - 1) (1 + (i - %) {70#)2;(&7)2 (z +sinx) + 2ata~ sin %D .

(e 7)) (XO
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