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Abstract Let A, denote the class of functions of the form f(z) = z + Zzoan akzk, which are

analytic in the open unit disk U = {z : |z| < 1}. In this note we shall find max|, —.<1 Re{f'(z) +

azf"”(z)} under the condition f'(z) < iigi for f € An.
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1 Introduction

Throughout our present investigation, we assume that
neN, -1<B<1 B<A a>0 and <1 (1.1)

Let A,, denote the class of functions of the form:

which are analytic in the open unit disk U = {z : |z| < 1}.
For functions f and g analytic in U, we say that f is subordinate to g and write f(2) < g(z) (z € U),
if there exists an analytic function w(z) in U such that

lw(z)] < |z[ and  f(2) = g(w(2)) (z €U).
Furthermore, if the function g is univalent in U, then
f(z) <9(z) (z€U) <= f(0)=g(0) and [(U)Cg(U).
In a recent paper [3], Gao and Zhou considered the following subclass of Aj;:
R(B,a) ={f € A1 : Re{f'(2) + azf"(2)} > B (2 € U)}.

Some interesting properties of the class R(8, «) have been given in [I]. For further information of the
class R(f, ) one can see the related papers (see, e.g., [2IBJABI6/7I8I9]). Inspired by the above works, in
this note we shall find

max Re{f'(z) + azf"(2)},

|z|=r<1

under the condition f’(z) < %igz

2 Main Results

Theorem 2.1. Let f belong to the class A,, and satisfy

1+ Az
1+ Bz

f(z) < (ze€U). (2.1)
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Then
1+ (A+ B+na(A— B))r™ + ABr*
! " < fM,(A, B < 2.2
Re{f'() +az/" ()} < B it M (4, Ba,r) <0, (22)
or )
L —4a* K Kp .
! " f M, (A, B > 2.
Re {f (Z) +(12f ( )} —_ 40[(14 B)’r" 1(1 _ Tz)KB 1 71( ) 7(177‘) — 0) ( 3)
where
Ka=1—A%2" 4 nAr"=1(1 —r?),
— 1 _ R2,2n n—1 2
Kp=1—B*r*" +nBr" (1 —r?), (2.4)

L, =2a(1 — ABr*™) + na(A+ B)r"=t(1 —r?) + (A — B)r"~1(1 — r?),
M, (A,B,a,r) =2aKg(1+ Ar™) — L, (1 + Br™).

The result is sharp.

Proof. Equality in (2.2) occurs for z = 0. Thus we assume that 0 < |z| = < 1. From (2.1) we can write

1+ Az"p(2)

T Borole) (z €eU), (2.5)

f'(z) =
where ¢(z) is analytic and |p(z)| <1 in U. It follows from (2.5) that

a(A = B)z"(ne(2) + 2¢'(2))
(14 Bz2"p(2))?

(A= B ()(f(z) - 1) +

f(2) +azf"(2) = f'(z) +

a(A - B)z"1¢'(2)
(1+ Bzrg(2))?

— F'()+ (2.6)

With the help of the Carathéodory inequality:

1—o(2)P?
I

<
¥ () = 22,

we obtain

2 (2) 1 — Jp(2)?)
fe { 1+ Bzrg(2)? } S A=)+ Bl
A~ B ()P — |f(2) - 11
A_B)Zr 117

Put f'(z) =u+iv (u,v € R). Then (2.6) and (2.7) provide

R (e = e B e 1

r?"((A — Bu)? + (Bv)?) — ((u — 1)? +v?)

—_ UZ)

e (A—B)yrn—1(1—r2)
A+B no r?"(A — Bu)? — (u — 1)?
(H”O‘ B) A-pA T B e T ST

A—
a 1— B2
B———— |2 2.
+A—B <n r”l(l—r2)>v (2:8)

Note that

1-— BQT2n 1— 7,,2n 1 , ) ,
- e (n—2) 2(n—1)
(1 —r2) = pn=l(1 —p2) Tn—1(1+7" +ri4Fr +r )
1
= 5T [(1+ r2(n—1)) + (TQ + r2(n—2)) 4 (TZ(n—l) +1)]

>n>nB. (2.9)
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Combining (2.8) and (2.9) we get

nao r?"(A — Bu)? — (u — 1)?
Re{f'(2) + azf"(2)} < <1+nait§>u—A_B(A+Bu2)+a (lglA_ B?rn)_l(l(_ 7~2§)

= Yn(u) (say). (2.10)

It is well known that for [{| <o (0 < 1),

1+A¢ 1- ABo? (A— B)o
— < .
‘1+B§ 1—B%2 |~ 1— B?0? (2.11)
and
1—AUS 14+ A §1+A0~ (2.12)
1—- Bo 1+ B¢ 14 Bo

Also (2.5) and (2.12) imply that

14+ Ar™

1— Ar®
< —.
~ 14 Brm

1- B < Re{f/(z)

. . 1—Ar™ 14+Ar" . .
Let us now calculate the maximum value of 1, (u) on the segment =By 4B |- Obviously,

A+ B 2naB (1— ABr?™) — (1 — B*>*")u
! = —_——_—_—,
1/Jn(u)—1+naA_B A_Bu+2a A By i1 ) 7

a _ 2T2n
Pi(u) = —AQ_ B <nB + ri—l(tlg—r?)> <0 (see (2.9)) (2.13)

and ¢}, (u) = 0 if and only if

S _2a(1 — ABr®™) + na(A+ B)r" (1 —r?) + (A — B)r"=1(1 —r?)
S 2afl — B2r?n + nBrn—1(1 — r2)]

(see (2.4)). (2.14)

Ly,
QOéKB

Since

2aKp(l — Ar™)—L,(1 — Br™)
=2a[(1 — Ar™)(1 — B**") — (1 — Br™)(1 — ABr*")]
—nar" (1 —r*)[(A+ B)(1 — Br") —2B(1 — Ar™)] — (A — B)r" (1 —r*)(1 — Br")
= —2a(A - B)r"(1 — Br") — na(A — B)r" '(1 —r*)(1 + Br") — (A — B)r" (1 — ?)(1 — Br")
<0,

we see that

1— Ar™
Uy > ————— . 2.15
"7 1-Brm (2.15)
But u,, is not always less than Hg:n The following two cases arise.

Case (i). up > iié::, that is, M, (A, B, a,r) (given by (2.4))< 0. In view of ¢/, (u,) = 0 and (2.13),

the function ¢, (u) is increasing on the segment |{=577, 1477 | Therefore we deduce from (2.10) that,

Copyright © 2017 Isaac Scientific Publishing AAN



270 Advances in Analysis, Vol. 2, No. 4, October 2017

it M, (A, B,a,r) <0, then

Re(f'(2) +20"(2)} < v (1 e

14 A+ B 14+ Ar™ no A+ B 14+ Ar™ 2
"“a—p)\iyBm) 4A_B 1+ Bro

1+ Ar _ no 1_1—|—Ar A_Bl—l—Ar

1+Bm A-B 1+ Brm 1+ Brm

1+ (A+ B+ na(A— B))r"* + ABr®"
(1+ Brm)? '

This proves (2.2).
Next we consider the function f defined by

214 At
f(z)_/o 1+Btndt

which satisfies the condition (2.1). It is easy to check that

(A+ B +na(A— B))r"* + ABr*»

£10) +arfr) = = oy ’

which shows that the inequality (2.2) is sharp.
Case (ii). u, < 2FAT that is, M, (A, B, a,r) > 0. In this case we easily have

1+Brn?
Re {f'(2) + azf"(2)} < ¢hn(un). (2.16)

In view of (2.4), 1, (u) in (2.10) can be written as

—aKpu?+ Lyu — aK 4
(A—B)r»=1(1—1r2)

Therefore, if M, (A, B,a,r) > 0, then it follows from (2.14), (2.16) and (2.17) that

VYn(u) =

(2.17)

—ozKBuf1 + Lyu, — a4
(A—B)yr»—1(1 —1r2)

B Lfl — 402K Kp

~ 4a(A—-B)rm1(1 -r2)Kp'

Re {f'(2) + azf"(2)} <

To show that the inequality (2.3) is sharp, we take

[T 14 At o(t) _z—cy
f(z) = /0 1+ Btnp(t) dtand - p(z) = 1—cpz

where ¢,, € R is determined by

f'(r)

1+ Armp(r) c 1—Ar™ 14 Ar™
=———" 2L =y, ,
1+ Brro(r) 1— Br®’ 1+ Brn

Clearly, -1 < ¢(r) < 1,—-1 < ¢, < 1,]p(2)] <1 (2 € U), and so f satisfies the condition (2.1). Since

l—c; 1= |p()
(1—c,r)2  1—1r2 7

¢'(r) =
from the above argument we find that

f1r) +arf"(r) = ¥n(un).

Now the proof of the theorem is completed.
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Corollary 2.2. Let f belong to the class A; and satisfy Re{f’(2)} > 8 (8 < 1;z € U). Then for |z| =7 < 1,

ar—r2
Re {f'(2) +af"(2)} < B+ (1 = )2

The result is sharp.

Proof. By considering f,f'{_# instead of f’(z), we only need to prove the corollary for 5 = 0. Setting

n=A=1and B=—11in (2.4), we get
Ky =21-7r%, K. 1=0, L;=2a(1+7%)+2(1-1r?

and
Mi(1,-1,a,7) = =21 = 7)1+ a— (1 —a)r?] <0.

Consequently, an application of (2.2) in Theorem 2.1 yields

< 1+ 2ar — 12

Re {f'(:) +f" ()} < i
Furthermore the sharpness follows immediately from that of Theorem 2.1.
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