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Abstract Some experts claim that the Riemann-Liouville variable-order fractional integral didn’t
have semigroup property. This property brought us extreme difficulties when we consider the unique
existence of solutions of variable-order fractional differential equations. In this work, based on some
analysis technique, by means of fixed point theorem, we consider the existence of solutions to
an initial value problem for differential equations of variable-order involving with variable-order
fractional integral.
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1 Introduction

In this paper, we consider the following initial value problem for variable-order differential equation
involving with variable-order fractional integral

(1.1)

Dgit,m(t))x(t) = f(t, Iq—p(tﬂi(t))x)7 0<t<+o0,
Ié;p(t’x(t))h:o =20 €R,

where 0 < p(t,z(t)) <1,¢>1,0 <t < 400,z € R, Dg(f’f(t)) denotes derivative of variable-order defined
by

t — g)~P(s:x(9))
p(t. ),y _ 4 [ (=57
Doy a(t) = dt/o T _p(ij(s)))x(s)ds,t >0, (1.2)

and

g—plta(s) o [ (=) P
Iy x(t) /0 T —p(.26)) x(s)ds, t>0 (1.3)
denotes integral of variable-order ¢ — p(t).

The subject of fractional calculus has gained considerable popularity and importance due to its
frequent appearance in different research areas and engineering, such as physics, chemistry, control of
dynamical systems etc. The variable-order fractional derivative is an extension of constant order fractional
derivative. In recent years, the operator and differential equations of variable-order have been applied in
engineering more and more frequently, for the examples and details, see [1-9].

Although the existing literature on solutions of fractional differential equations is quite wide, few pa-
pers deal with the existence of solutions to differential equations involving with variable-order derivative.
According to (1.1), (1.2) and (1.3), it is obviously that when ¢(¢) is a constant function, i.e. ¢(t) = ¢
(q is a finite positive constant), then Igf:), Dggf) are the usual Riemann-Liouville fractional integral and
derivative [10].

The following properties of fractional calculus operators D{ T Id . play an important part in discussing
the existence of solutions of fractional differential equations.

Proposition 1.1. [10] The equality 17, I3, f(t) = stf(t), v > 0,6 > 0 holds for f € L(0,b),0 < b <
+00.

Proposition 1.2. [10] The equality Dj, Iy, f(t) = f(t), ¥ > 0 holds for f € L(0,b),0 < b < +oo.
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Proposition 1.3. [10] Let 0 < o < 1. Then the differential equation
Dg,u=0

has unique solution
u(t) = ct* ' ceR.

Proposition 1.4. [10] Let 0 < o < 1, u(t) € L(0,b), D§,u € L(0,b). Then the following equality holds
I8, Dy u(t) = u(t) + et~ ',c € R.

We are interested in whether the above properties of fractional calculus operators remain true for the
operators of variable-order.
Let’s take Proposition 1.1 for example.

Example 1.1. Let p(t) = ¢, q(¢t) = 1, f(¢t) = 1,0 < t < 3. Now, we calculate Ié’f)lgg)f(t)h:l and
PO+a) ¢y
0+ f@)]e=1-

- 5)st (% (s — 1)t L (1—s)1s
PO 10 £(4)],_ :/ ( / drd :/ ) s~ 0.472.
o+ To+ FB)le= 0 I'(s) 0 r) e 0 I'(s) ’

and

- s)® 1 (1-s9)®
PO / ( _ / ~ 0.686.
0+ Sf()|e=1 TG 1)ds ST ds ~ 0.686

Therefore,
IOTED f(O)r # 10O (1)1

So, we see that Propositions 1.1-1.4 are not true for the operators of variable-order. But, for integral
of variable-order defined by (1.3), we can find that the index law holds for constant order g and variable-
order p(t).

Lemma 1.1. Let z(t),p(t,z(t)) be real functions, ¢ be positive constant such that the integrals

Igf’x(t))m(t) and Igip(t’z(t)) (t) exist. Then the following expression hold

18 1D gty = [Py, > 0. (1.4)

Proof. By (1.3), we have that

1 t p(r,z(T))
13 gy = / (t— )0t / (s (” e(r)drds
0

T(q) T(p(r, (7))
- // Al D s
B Top(ram)) 07
B / / " 1+p(T))J;(T)) (1 =)t 0D (7Y drdr

_ 1 (t — 7)a-1+p(re() I
- p(q)/o Tpna() Blg, p(r,2(7)))z(r)d

L L [t ) DIl a(r)
- 1@ ) om0 T

B bt — r)a-ttp(ma(n)
; /0 (g +p(r,2(7)))

x(7)dr
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= jgil’(t@(ﬂ)x(t),
which implies that (1.4) holds.

Remark 1.1. But, according to Example 1.1, for 2(¢), p(¢, 2(t)) be real functions, ¢ is positive constant
such that the integrals Igf’m(t))x(t) and Igip(t’m(t))x(t) exist. But, in general, we know that

IO () # 1D e), (1.5)

for some point t.

Based on characters of calculus of variable-order, here, we don’t transform problem (1.1) to an integral
equation, but, by means of some analysis techniques, we are able to consider existence and uniqueness
of positive solution to (1.1).

Hence, one can not transform a differential equation of variable-order into an equivalent integral
equation without these propositions. It is a difficulty for us in dealing with the problems of differential
equations, which only involve variable-order derivative. But, we can consider such problems that contains
the variable-order integral in nonlinear term.

Definition 1.1. A function z(¢) is an unique solution of problem (1.1), if its variable-order fractional
integral Ié;p(t’z(t))x(t) exists uniquely on [0, +00), and satisfies problem (1.1).

2 Existence and Unique Result

In this section, we present our main results. The following results will play a very important role in our
next discussion.

Lemma 2.1. Let

E= {a:(t)

x(t)
z(t) € C’[O,—Foo),itzllo) T+ 0 < oo}

with the norm

|z(t)]

z||g = su .
Jelle = sup "1
Then, (E, || - ||g) is a Banach space.
Proof. The proof is similar to Lemma 2.2 [11]. Here, we omit it. O

We assume that:

(Hy) Let p: [0,+00) x R — (0,1) a continuous function;

(Hs) For function h € C0, +00), there exists function z : [0, +00) — R satisfying equation Ié;p(t’z(t))x(t) =
h(t),0 < t < oo;

(H3) t"f : [0,00) Xx R = R (max{0,q — 2} < r < 1) is continuous function, and that there exists
constant L > 0 satisfying

such that
If(E (L4 2)2) = [t (14 8%)y)] <

And let f(¢,0) satisfying

L

/t(t — 8§71 (s,0)|ds < +oo.
0

lim ——
t—+oo 1+ ¢2

Theorem 2.1. Assume the conditions (H;)-(Hs) hold, then problem (1.1) has one unique solution.
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Proof. According to the definition of variable-order derivative (1.2) and the Riemann-Liouville fractional
derivative, applying integral I} . on both sides of equation of (1.1), we get

Lo P Dty = wo + 1, f (11870 D). (2.1)
It follows from Lemma 1.1 and (2.1) that
177 Dat) = wo + 1 f (6 1P D) = a0 + 1, (18 170 D). (2.2)

We let Ié;p(t’x(t))x(t) = y(t) and
zo = y(0) = Yo, (2.3)

then, by (2.2), we could get the following integral equation

—yo+/f 1‘11 )ds,0 < t < 4o0. (2.4)
According the above analysis, we will consider the unique existence result of solution to integral

equation (2.4).
Define the operator T': E — E by

—yo+/fslq1 (2.5)
We assert that the operator T': E — E is well defined. First of all, we verify that Ty(t) € C[0,+o00) for
y € E. In fact, let
gt I y) = 7 (6, T8 y),

by (Hs), we know that g : [0,4+00) x R — R is continuous.
For the case of ty € [0, +00), take t > tg, t — tg < 1, then

I/Otf(s,fé‘l / F(s, 185 y)ds|

1 1
- |t17T/ T "g(tT, Ig;ly(tT)det(l)_r/ T*Tg(th,IgJ:ly(toT)dﬂ
0 0
1 1
< (BT =i / T g(tr, Iy (tr)dr 5T / T (g(tr, I8 y(t7) — g(tor, I8 "y (toT))dr,
0 0

by the continuity of g(¢, 13 'y(t7)) and ¢!~", we obtain
/ f(s, 151 Ly is continuous on point .
In view of the arbitrariness of tg, we have
t
Yo +/ f(s,IgJ:ly)ds € C0, +0).
0

On the other hand, for y € E, we have

Ty(t)
14+¢2

‘y0| 1 ¢ -1
| | < + | f(s 15y y(s))ds|
1+ Jy o+

14 ¢2

‘y0| L /t — 2y—1 /S _2
< r 1 _ q
S Tip + Ta—Da+ J, sT(1+ s%) ; (s — 1) *|y(7)|drds
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1 t
— | s7T|f(s,0)|d
+ / £ (s,0)/ds

1+ ¢2

‘ZUO| L /t — /G q—2 2\—1
" — 1
T e Ta—nazo ), * (s =7)1 (14 7%) " y(7)|dTds

1 b
+m/0 s7"|f(s,0)|ds

‘ZUO| / / q 2
drd
1+t2+F(q71 1+t2) lyllmdrds

1 -7
+m/0 |f(s,0)|ds

|yol L|ylle /t q—r—1 1 /t _
= + ""tds + " 0)|d
1+£2 " T(+£) fy ° iy )’ 1£(s, 0)lds

IN

IN

|yol Llyle 777" 1 /t _
= r ,0 d7
T+ T T ire e, * 0l

which implies that

Ty(t
sup y(t)

<
t>0 14 ¢2 o

Hence, we obtain that operator T : ' — E is well defined.
Now, for =,y € F, we have

‘ Tx(t) — Ty(t)

L < it [0 ) - i )

< i [ 156 B ) ~ B o)

< 1ft2/0 (U4 8% T () — Iy y(s)lds

< ﬁ/ _7'(1+82)_1/08(8—T>q‘2lw(7)—y(T)IdeS
< (Q*1§1+t2 / / )72 (14 72) " Ha(r) — y(r)|drds
§ Lta=r

Ta-nare e

< )Hx*yHE

I(g)g—r

According to m < 1, the Banach contraction principle assures that operator 1" has one unique
fixed point y* € E, which is unique solution of integral equation (2.4). That is , y* € E satisfies

—yo+/fs I8 y*)ds, 0 < t < 4o0.
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Now, by (Hz), for y* € E, there exits function z : [0, +00) satisfying
Ilfp(t’z(t))x(t) = v (t <
o+ =y"(t),0 <t < +o0.

then, by (2.4), we know that Ié;p(t’x(t)):r(t)hzo = y*(0) = yo = xo. Hence, putting y*(t) = Ié;p(t’x(t))x(t)
into (2.1), we get that

[P Oy () — g +/ s I P07 )0 0 < ¢ < oo
according to Lemma 1.1, we have that
1 t
%fm“mﬂﬂ:xyﬁéf@J&“Wm%M&OSt<+m

which implies that
DA () = f(t, 17772 gy 0 <t < +oo,

thus, we obtain that x(¢) is a solution of problem (1.1). O

Remark 2.1. Unfortunately, we couldn’t obtain result of Propositions 1.1, 1.2 for variable-order op-
erators I1 Ptz and Dllp(t’m(t)) therefore, we don’t have any way to know which functions space x

should belong to, we only know I1 p(to () x(t) = y*(t) € E.

Remark 2.2. For Theorem 2.1, the condition (Hs) is stronger, but, it is very important in obtaining
the unique existence result of solution to problem (1.1). In (Hz), the existence of function z(t) is another
important and complex problem, we will investigate it in our following works.

Remark 2.3. According to Theorem 2.1, y*(¢) = Ié;p(t’w(t))x(t) is unique solution of problem (1.1).
And that, by Remark 2.2, we don’t know that what is z(t). For the condition (Hz), when p(t,z(t)) is a
function of variable ¢, i.e. p(t,z(t)) = p(t),0 < t < 400, we may consider the approximate function of
z(t), in this sense, we could call this approximate function as approximate solution of problem (1.1). For
example, we let p : [0,4+00) — (0,1) be a continuous function, for arbitrary small positive €, there exists

positive constants 0 < p; < 1,4 =1,2,--- 11, such that
Ip(t) —p1| <&,  0<t<10, (2.6)
Ip(t) —p2| <e, 10 <t <20, (2.7)
Ip(t) —ps|l <e, 20 <t <30, (2.8)
Ip(t) — p1o| <e, 90 < t < 100, (2.9)
Ip(t) — pu1l <e, 100 < t < +o0, (2.10)

Thus, by Il PO a(t) = I P a(t) = y*(t),0 < t < 10, we take function z3(t) = Dy, " y*(t) as approxi-
mate functlon of z(t) in the interval [0, 10] under the sense of (2.6).
For 10 < ¢t < 20, we may consider I —r() x(t),0 <t < 20 as following

t(t —g)p(s)
I&;p(t)ac(t): / %m(s)d‘s
0

T = p(s))
= b 7@_ S)_plx s)ds t 7(t_ S)_mx s)ds
‘/o ra—py +/mF(l—pQ) (5)ds,
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in the first part above, we consider function x(s) as x7(¢t) = Dé;p Yy*(t) given, as a result, we obtain a
deterministic function as following

=)™ s [T
/0 F(1fp1)x(5>d5—/o - i(s)ds = ha(t),10 < t < 20.

Thus, from Ié_;p(t)x(t) = y*(t) and the expression above, when 10 < t < 20, we have that

/10 mx(s)ds — (1) — ha(£),10 < £ < 20,

Hence, we may take function z5(t) = D%EF [y*(t) — h1(t)],10 < ¢ < 20 as approximate function of z(t)
in the interval (10, 20], under the sense of (2.7).
For 20 < t < 30, we may consider Ié_;p(t)x(t), 0 <t < 30 as following

t(t — g)—P(s)
Iéfp(t)m(t):/ um(s)ds
0

+ (1= p()
I e Gt IR Bl Gl IR W k) ILGIR
= | Fa s [y e+ [ satsas

similar to the previous arguments, in the first part above, we consider function x(s) as 7 (t) = Dé;p Ty*(t)
given, and in the second part above, we consider function z(s) as x5 (t) = D%gf [y*(t) — h1(t)] given. As
a result, we obtain a deterministic functions as following

10 _ —p1 10 — —p1
/ E=8) s = / U™ e (s)ds = ha(£),20 < £ < 30,
0 0

Ir'l—pp) I'(l—p
20 (t _ 8)71)2 B 20 (t _ 8)71)2 25 (8)ds =
[, Ty = [ Ry = (0,20 <o <30

Thus, from Ié;p(t)x(t) = y*(¢t) and the expressions above, when 20 < ¢ < 30, we have that

/t (= 8) ™ ($)ds = y* () — ha(t) — ha(£),20 < ¢ < 30
———x(s)ds = - - ) < 30.
20 T(1 = p3) P
Hence, we may take function x%(t) = D%af?’ [y*(t) — ha(t) — h2(t)],20 < t < 30 as approximate function
of z(t) in the interval (20, 30], under the sense of (2.8).

By similar arguments above, we may obtain function z3;(¢),100 < ¢t < +oco as approximate function
of z(t) in the interval (100, +00), under the sense of (2.10).

Thus, we take function defined by

€T
pa

(t), 0<t<10,
(1), 10<t<2,

MR

x(t) = ’

xf,(t), 100 <t < 400

as approximate function of x(t), which is in Ié;p(t’x(t))x(t) =y*(t),0 <t < +o0.

3 Conclusion

The variable-order fractional derivative is an extension of constant order fractional derivative. The exis-
tence of solutions to some class of differential equations of variable-order is an interesting object. But,
loss of some fundamental properties, ones have some difficulties in dealing with the existence of solutions
to some problems for differential equations of variable-order. In this article, by means of fixed point
theorem, we have considered the existence and unique of solution to some class of differential equations
of variable-order, in which there has variable-order fractional integral.
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