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Abstract We study the scalar field equation and Maxwell equations in the nonstandard back-
ground previously investigated. We separate the angular dependence by expanding in spherical
harmonics and solve the radial wave equations exactly by separating the variables ¢ and r. We
obtain electric and magnetic multipole radiation as in vacuum without gravitation, but the fre-
quencies get redshifted. The exact results are essential for understanding the Planckian character
of CMB properly.
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1 Introduction

In standard cosmology radiation is important at early times only. If dark matter does not exist the
situation is quite different. The reason is that the energy density of radiation grows rapidly with the
forth power of the temperature oc 7', while for non-relativistic matter it varies only linearly o< T". To get
some numbers we take the present baryon density of 0.04 times the critical density. This gives an energy
density

npmp = 3.31 x 1071025 (1.1)
cm

The same energy density produced by radiation requires a temperature

anB)1/4

TR:(
ap

(1.2)

where ap is the Stefan-Boltzmann radiation constant. For the value (1.1) we obtain Tk = 14.5°K. This
surprisingly small temperature shows that in cosmology without dark matter electromagnetic radiation
is the most important player beside gravity.

If the energy density of matter and radiation is small compared to the critical density then a good
starting point for cosmology is a vacuum solution of Einstein’s equation. Assuming spherical symmetry
this solution is the inner Schwarzschild solution in Lemaitre coordinates as a consequence of Birkhoft’s
theorem. Matter is then treated as anisotropic perturbation away from this nonstandard background.
This was investigated in two papers [1], [2] with the following results. The anisotropic perturbations
with spherical harmonic order I > 1 come from pressure-less dust, but the isotropic perturbations [ = 0
could not be calculated. Of course one immediately presumes that the latter is due to CMB. To test
this conjecture we must study Maxwell equations in the nonstandard background which is the purpose
of this article.

The paper is organized as follows. As warming up we first consider a scalar field in the nonstandard
background. Here the angular variables can be trivially separated by means of scalar spherical harmonics.
In sect.3 we turn to Maxwell equations which are transformed in a similar way as in Minkowski space.
Then in sect.4 and 5 the angular dependence is separated by using vector spherical harmonics and the
radial wave equations are solved. In the last section the physics of the multipole radiation is discussed.
We conclude that Planck’s radiation law for CMB is a consequence of the constancy of the density of
photon states under the cosmic expansion. Together with the redshift of frequencies or temperature, the
phase velocity of light is changed by the factor (1 + z).
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2 Real Scalar Field in Nonstandard Background

We choose spherical comoving coordinates ¢, 7,1, ¢. Then the line element of the nonstandard background
reads [1]
ds® = dt? — X (t)%dr® — R(t)?(dv? + sin® ¥ d¢?). (2.1)

with
R(t) = X (t). (2.2)

The corresponding metric tensor is equal to
g = diag(1, —X%(t), —R*(t), —R*(t) sin® V). (2.3)

We first consider a real massive scalar field in this background which satisfies the Laplace-Beltrami
equation

e \faxa (\f " 89&5) —myp. (24)
This can be considered as a model of the matter in the otherwise empty universe. Since
Vg = XR?sind (2.5)
the field equation becomes
1 R?sin?
= | O (X R?sin 09y0) — 01 o) -
XR2sim9[ O(X R sin 9p) = 01 e
—05(X sin 99pp) — 63( aggp)]
1
=~ XR? ~ 30 (X R?*8;p) — ﬁa?-@—
1 . 1
The terms with angular derivatives in (2.6) are equal to
17 il
2 {619@ + cot ¥y + 198(1,30} e

where L? is the square of the angular momentum operator. Consequently the angular variables can be
separated by means of spherical harmonics Y, (4, ¢) which satisfy

1
[ag + ot 90 + —5— 02| Y™ = —I(l + Y™ (9, 6). (2.7)
sin” 1
Then writing the scalar field in the form
o= ft,r)Y,"(V,9) (2.8)

there remains the radial equation

1

114 1)
X2 2

f=-mp (2.9)

1
———0,(XR?8,f) — ﬁﬁff +

to be solved. Since the radial variable r appears only in the derivative it can also be separated by means
of the product form

f(t,r) = fo(t) fr(r)

which yields
2 2
%a (XR*0:fo) +1(1+ 1)X +m2X? = o
0

= == (2.10)
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Here the left side depends only on ¢ and the right side only on r, so both sides are constant = A. We first
assume a positive constant A = p2. Then we have

filr) =e™" (2.11)

2

with positive p for a bounded solution. For a negative A = —k* we get oscillating solutions

fi(r) =sinkr or coskr. (2.12)
The remaining nontrivial equation for fo(t) is

R2 R2
OH( X R0y fo) + 11+ 1) X fo + mQon = )\on. (2.13)

The left-hand side is a self-adjoint second order differential operator [8]. With suitable boundary con-
ditions, equation (2.13) can be considered as a self-adjoint eigenvalue problem with eigenvalue A. The
spectrum is real and consists of a negative continuous spectrum A = —k? and possible discrete positive
eigenvalues A = p2. It follows from the completeness and expansion theorems [8] that any L2-function
F(t) can be represented as a wave-packet of eigen-solutions. To see this explicitly let us consider the
functions X (t) and R(¢) in (2.13) in more detail.

The t-dependence of X (t) and R(t) is most conveniently given in parametric form [1]

t =T (w — sinw cosw) (2.14)
X(t) = |cotw| = R (2.15)
R(t) = Ty sin® w

where 7/2 < w < w and T}, is of the order of the Hubble time. We are particularly interested in the
behavior of the solution near the Big Bang w = m/2. Therefore we set

u
w = 5 T
so that
X(t)=|tan7| =7+ 0(7'3)7 R(t)=Tr(1+ 0(7'2)) (2.16)
1

and we study the behavior for 7 — 0.
For small 7 and positive A = p? equation (2.13) is of the form

202 fo + 70, fo + A[l(1 + 1) + Tim?)72 fo = 4T3 12 fo. (2.18)

The solution is given by Bessel functions. For later use we note the following differential equation ([4],
equ.9.1.53)
T2+ (1= 2p)my + (V@7 + p* — 2%y = 0 (2.19)

with the solutions
y=1PZ,(A\79) (2.20)

where Z,, are Bessel functions. It follows that the solution of (2.18) is of the form

fo=Z,(2\/I(1+ 1) + m?T?7) (2.21)

with
v =2Tpu. (2.22)
Now we consider the second possibility of a negative constant A\ = —k? in (2.10) which corresponds

to the continuous spectrum. Then we get the oscillating solutions (2.12) which describe propagating
wave modes. The corresponding time depending equation (2.18) leads to Bessel functions with purely
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imaginary indices. This case has nicely been treated by Matyshev and Fohtung [9]. The real solution can
be written in the form

fo(r) = A(7) cos(2T Lk log ) + B(7) sin(2T.k log T) (2.23)

where
A(T):a0+a272+... (224)
B(T):b0+b2T2—|—... (225)

are converging power series. The most important property of of the solution (2.23) is the possibility to
get any singular behavior oc t~™ by forming wave packets. To see this let us consider the integral

oo
1
/ dk h(k)sin(k2Tp logT) = —. (2.26)
n
0
With the new variable £ = 277, log 7 we have
/h(k) sin k€ dk = exp — (%) (2.27)
J L
By inverting the Fourier integral we find
h(k) = 2 Oosin kge /2T qe = 2k (2.28)
™ m k4 (n/2TL)%" ’
0

To understand which solution is the physical one we consider the energy-momentum tensor of the
massless scalar field

1
Tap = 0a0pp = 590p(0up0" 0 — m*@?). (2.29)

We know from the first order perturbation theory of the nonstandard background [1] that the energy
density Tpo must diverge as 7! for 7 — 0. This implies that

@ oc T2, (2.30)

Now, in case of the discrete spectrum, v in (2.22) must be equal to 1/2 because the Bessel function J, (1)
goes as 7” for 7 — 0. Then we conclude from (2.22)

1

I

That means the radial variation (2.11) of the scalar field is of the scale of the present universe at early
times. This is in sharp contrast to standard cosmology where the early universe is small. It has the
consequence that the pressure T7; is completely negligible in agreement with first order perturbation
theory. Such a solution could describe some matter distribution in the universe.

3 Maxwell Equations in Nonstandard Background

Let F'*¥ be the antisymmetric electromagnetic field tensor then the Maxwell equations in the presence
of gravity are
V. F* =0 (3.1)

VQF[M + VﬁF—ya + V»YFag =0 (3.2)

where V,, denotes the covariant derivatives with respect to the metric g, (2.3). The first equation (3.1)
is the inhomogeneous Maxwell equation, we have assumed zero sources because we are not interested in
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the generation of the radiation. The second equation (3.2) is the homogeneous equation. It is well known
that due to the antisymmetry of F' the covariant derivatives can be replaced by partial derivatives as
follows [3]

Ou(y/GF™) = 0 (33)
O0aFpy + 08F 0 + 04 Fop = 0. (3.4)

To solve these equations the 4 x 4 field tensor is expressed by 3-vectors E and B which are the electric
and magnetic field strength, respectively. In rectangular Cartesian coordinates Z* this form is given by
[4]
0 —E* —EY —F*
~ E* 0 —-B* BY
w
Py = Y B 0 _B° |- (3.5)
E* —-BY B* 0

Since we are calculating in spherical polar coordinates z# = (¢,7,9, ¢) throughout, this tensor must be
transformed according to

_Qx® 0xP
) 3.6
oTH 0¥ (36)
The transformation matrix herein is equal to
1 0 0 0
oz 0 sin ¥ cos ¢ sin ¥ sin ¢ cos ¥
@ = 0 cos¥cos¢p cos¥sing  sind | - (37)
s7inn ¢ co?; ) "
0 - rsin 9 rsin 9 0
Then introducing the standard polar components
E" = E?sin¥cos ¢ + EYsin¥sin ¢ + E* cos
1
EY = Z(E®cos ¥ cos ¢ + EY cos ¥ sin ¢ — E* sin ) (3.8)
r
o_ 1 v g
E? = ——(EY cos ¢ — E” sin @)
rsin ¢
and similarly for B we obtain
0 —E" -EY —E°?
E" 0 —Bfsing B
al _ sin 4.
F EY B?sind 0 *rzfm ' (3.9)
E$ _ B’ _B" 0

sin 9 72 sin 9

The field tensor (3.9) is not yet the best form for the nonstandard background. Since we want to use
the usual 3-dimensional differential operators curl and div we introduce additional factors r? into (3.9).
This causes a slight modification of the meaning of electric and magnetic field strength E and B only.
We shall calculate with the following final form of F":

0 —r2E" —r2EY%  _—p2E¢
2 or _22R0 23719
wp | T°E 0 r°B smﬂrsm9
= r2EY r2B%sin ¢ 0 —55“9 ‘ (3.10)
2 2BY B"
r E¢ _Zinﬁ sin ¥ 0

We first consider the inhomogeneous equations (3.3). The zeroth component v = 0 gives

Or(XR?sin9r?E") + r209(X R? sin v E”) + r2 X R% sin 99, E? = 0.
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After dividing by r?X R?sin1) we get

1
ﬁaT(TQE) + 09 E? 4 cot VE? 4 94 E? = 0. (3.11)

According to equ.(A.23) in the Appendix this is just the initial condition
divE = 0. (3.12)
In the same way for v = 1,2, 3 we obtain the r,9 and ¢ components of the 3-vector equation
9, (XR*E) = curl( X R?B). (3.13)

Here the time dependent factors X R? do not drop out.
The homogeneous equations (3.4) are more complicated. We first list the field tensor with lower
indices:
For = X?r?E", Fypo = R*?E”, Fy3 = R*r?sin?0E?

Fio = —X?R*?sinB?, Fy; = —R*B"sind (3.14)
Fi3 = X?R%*%sin9yBY.

Now we write down the equation

O1Fo3 + 02F31 + 03F12 =0

without time derivative. After dividing by 72 sin we arrive at
1 1
r—gar(R“B’“) + =0y (sin VX2R?BY) + 8,(X?R?B?) = 0. (3.15)

This is the divergence divb = 0 of a new 3-vector with components

4
b= RTBT7 b’l9 — X2R2319’ b¢ — X2R2B¢- (316)
r

This vector also appears in the other three equations which are of the form
db = —curlé (3.17)
where € is a new electric vector with components
e" = X%?E", ¢’ =R*EY, e?=RE°. (3.18)

Equation (3.17) is a modified form of the induction law.

The problem now is to solve the coupled equations (3.13) and (3.17). In vacuum this can be done
by separating the angular variables by means of vector spherical harmonics. The standard reference for
vector spherical harmonics is [5]. Unfortunately these authors use a convention which does not agree
with tensor calculus. For example their contravariant and covariant polar components are the same. We
therefore had to re-derive all formulas for spherical components, the results are given in the appendix.
As in the vacuum without gravity there exist two classes of solutions, the so-called electric and magnetic
multipoles [6].

4 Electric Multipole Solution

As in the vacuum case without gravity [6] we try a solution of the form

5= 1050, 4) (4.1)
E=ft,r)Y V0, 0) + folt, )YV, 0). (4.2)
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A glance to the formulas (A.10) of the appendix shows that the inhomogeneous equation (3.13) is satisfied
if the following two radial differential equations

1

i O(XR%f)) = ‘rg (4.3)

1
XR?
are fulfilled. The physical solutions of Maxwell equatlons must be real. But we work with complex
spherical harmonics in (4.1-2) which is the usual convention. This leads to some imaginary factors in
the equations. At the end we can always take real and imaginary parts in (4.1-2) to obtain real physical
solutions.
For the homogeneous equation (3.17) we must calculate all three components separately. The -
component is simple because Y(©® has no r-component. Then there is no time derivative and we get
divE = 0. For the ¥-component we obtain

OH(XR*fo) = ' I(1+1)g (4.4)

[04(X2r2E") — 0,(r?sin®? YR E?] (4.5)

d; (X2R23Y<0>19): -
r 1"2 sin
The derivative 0, gives a factor ¢ém from the spherical harmonics. Then applying the formulas in the
appendix, all terms have a factor m which drops out.
Multiplying the resulting equation by +/I(l + 1)r?sind/Y;™ (9, ¢) we get

0 (X?R?g) X211+ 1) fo — iR?0,.(r f1). (4.6)

The same equation follows from the ¢-component of equ.(3.17). This proves that the angular dependence
can indeed be separated by means of vector spherical harmonics.

Now the three coupled first order differential equation (4.3), (4.4) and (4.6) for fi, fo and g(¢,7) must
be solved. By suitable multiplication we write the equations as follows

1 .
Tmat(XRQTfl) = z@,.g (47)
1 2,2
(X R ) = i+ 1rg (4.8)
1 X2 9 .
R28 (XR?g) — zﬁ\/l(l + D)r* fo = —i0-(r f1). (4.9)
Now we can separate the variables ¢ and r by means of the product ansatz
rfi = uo(t)ur(r), r2fa =vo(t)vi(r) (4.10)
g = wo(t)wy (r). (4.11)

Then equ.(4.7) becomes
1 O(XR? Oy
(X Ruo) _Opun(r) _ Ar (4.12)
XR?  wy(t) uq (r)
Here the left side depends on ¢ only and the right side on r. Consequently both sides are constant, this
constant of integration is A;. Equ.(4.8) is treated in the same way with the result

1 8t(XR2v0)

y wi(r)
ﬁw—z (l+1) = A2 (4.13)

with a second constant of integration.
The third equation (4.9) assumes the following form

2

%@(XQR%UO)UH(T) Z)]g VI + Dve(t)vi(r) = —i0rug (r)uo(t).
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To separate the variables we substitute

iAo
wi(r) = —————=v 4.14
1(7) TEE (4.14)
from (4.13) herein and get
—i)\Q 1 2 2 ‘Xz Vo ‘87,’&1(7”) .
(X —i—=VI(l+1)— =— = —i)s. 4.1
T R2u08t( R*wy) izzV (I+ )u0 () i3 (4.15)

We first integrate the r-dependence. Combining (4.12), (4.14) and (4.15) we get a second order
equation for uy:

02uy = \uy (4.16)
with

AA
A= ; 2V +1) = —k2 (4.17)

2
We only consider the negative continuous spectrum which gives real oscillating radiative solutions again
ui(r) =sinkr or coskr. (4.18)

A solution from the discrete spectrum is unphysical in the Maxwell case because a log-range cosmic
electric field does not exist.
The time dependence is more complicated. From (4.12) and (4.13) we conclude

ug = 72’00. (419)
Using this in (4.15) we find
2 2 A3 2 X2
8, (X2R*w) = {7\/1(1 TR I(L+ 1)7]%. (4.20)
2 1

On the other hand by differentiating (4.12) we have
MO (X2 R%wg) = 0y(X 0 (X R?uy)). (4.21)

This allows to eliminate wg in (4.20) and gives the following second order equation

~ I(l+1 N -
(Xat)zll/o + ( R2 )X2UO = —kQ'LLO (422)
where we have introduced
g = X R?uq (4.23)

and k? is given by (4.17).
The equation (4.22) can be transformed into a 1-dimensional Schrédinger equation by introducing
the variable

dt’
Y= | ——. 4.24
o= | ¥ (424
Then we have o d p
0
Xy =X——=— 4.25
K dt do  do (4.25)
so that 2 " )
U +1 2~ 2~
dQ2 R2 X Upg = —k Uugp- (426)
For | = 0 we obtain the exact solution
g =sinkp or coskpo. (4.27)

AdAp Copyright © 2020 Isaac Scientific Publishing



Advances in Astrophysics, Vol. 5, No. 2, May 2020 51

As we show in the last section this is also a good approximation for [ > 0 if &k is big. We also shall see
that the frequency in (4.27) gets redshifted due to (4.24).
Finally, the magnetic function g can be calculated from (4.12)

wo(t) = ﬁ@t(XRzuo) (4.28)
wi(r) = —i\; /u1 (r)dr =i\ cozkry (4.29)

so that _ .
gzm@m@ziﬁaﬂﬁwwir (4.30)

where the integration constant A; drops out. The second electric function fo follows from (4.19) and

(4.14)

12 fy = vo(t)oy (r) = — m+n%mwff (4.31)

Again the integration constants A1, Ao cancel.

5 Magnetic Multipole Solutions

In these solutions the role of E and B is interchanged. We start from the ansatz

5= D50 g (1)

B= gtV 0,0) + 20,V V(0,9)). (52)

The minus sign gives a different parity of the solution. Using the formulas in the Appendix it is easy to
see that the angular dependence can again be separated. From the inhomogeneous Maxwell equation we
get the following differential equation

1

. ?

The r-component of the homogeneous equation gives

O:(Rgy) = irR*:\/I1+ 1) f (5.4)

and the ¥ and ¢-components both yield the equation
O0(X*R?g1) = ~R*,(rf). (5.5)

Note that the relation divE = 0 follows from (5.1) due to (A.7) in the appendix.
To separate the t and r dependence we write

rf = us(t)us(r) (5.6)
g1 = va(t)vs(r), g2 = wa(t)ws(r). (5.7)
Then from equ.(5.4) we obtain
1 4 . us
R2u, Ot(R IUQ) 7 l(l + )”LU?, A4 (5 8)
and equ.(5.5) gives
1 i Oru
X2R%py) = -2 = .
R2u2 8t( R UQ) r vs )\5 (5 9)
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Equation (5.3) reads

1

X—mat(XRqu)u;g(r) = —irva(t)0rvs(r) + i/ 1l + 1)waws. (5.10)

Here we substitute ug by ws using (5.8) and then we can separate the variables

1 A4 ¢ (X R?us) r
Sl \/ 1 = —0,v3 = Xg. A1
Uy ( /7l(l n 1) XR2 + l(l + )’LUQ) w38 v3 = g (5 )

Again we first solve the r-dependence which now is more complicated. Combining (5.8) and (5.11)

we find )
dyvs = z')\—i\/l(l + 1)us. (5.12)
4

On the other hand differentiating (5.9) we obtain

' 1 A
Bhvs = — 0 (=Duz) = i—> /11 + 1)us. (5.13)
)\5 T )\47’
Then we arrive at the final second order equation
1
ar(fa,»ug): g2 (5.14)
T r

where

g2 = 2ok Vi +1). (5.15)

Ag
The solution is given by the Bessel function of the first kind

uz = rJy(kr). (5.16)

To calculate the t-dependence we proceed as in the electric multipole case. From (5.8) and (5.9) we
obtain
A5 R?

V2

This is substituted into (5.11) yielding

2 2
/\4 8t(XR UQ) + l(l+ 1)w2 _ )\5)\6R7

wsa.
Vil+1) XR? A X207

Here us can be eliminated by means of (5.11). Then we end up with the following second order equation
for

Wy = Rwy (5.18)

(+1) _ k*
R2 Xw2 = —ng. (519)

Oy (Xat’wg +

This agrees with (4.22).
After solving (5.19) for w9 all functions can be calculated. The final results are

1

rf = 7)\4R2 8tu~12rJ1(k7’) (520)
2
go = AL4 1+ Lyws (t)rJy (kr). (5.22)

Here the constant of integration A4 does not drop out, however it can be absorbed by a renormalization
of the magnetic solution.

AdAp Copyright © 2020 Isaac Scientific Publishing



Advances in Astrophysics, Vol. 5, No. 2, May 2020 53

6 Discussion

First we discuss the simple solution (4.18), (4.27)
rfi(t,r) = sinkrsin ko(t). (6.1)

The wavelength A is conventionally defined by

k=— 6.2
- (62)
and it remains constant along the light path by (6.1). The time-dependent factor in (6.1) defines the
frequency w(t) according to

Slkolt) = 315 = e (63
at O T X T X '
This frequency changes with time. If we compare the frequencies at time of emission with time of
observation we get the redshift z

w(t) =

Wem X(tobs)
1 = = 6.4
T2 Wobs X(tem) ( )

in agreement with previous results [1]. The phase velocity of the radiation is equal to

wA 1
_ YA 6.5
“Tor T X (t)’ (6.5)
so it is changed by the cosmic gravitational field. The result (6.5) is also equal to dr/dt on the radial
null geodesic. This cosmic variation of the light speed is embarrassing many people, because the same
result follows in standard FLRW cosmology.
The results (6.3-5) can also be written as

1
I t. 6.6
5, = cous (6.6)
independent of ¢. This is important for understanding CMB properly. The black-body spectral energy

density is given by Planck’s radiation law

81, hv
v, T) = 3" exp(hv/kgT) — 1 (6.7)

where the factor in front is the density of photon states

8
dN = C—;TVle/ (6.8)

and the fraction is the corresponding mean energy of the states at temperature 7. By (6.4) we have
Vem = (1 + Z)Vobs (69)

which in the exponential yieds
Vem (]- + Z)Vobs Vobs

= = 6.10
Tem Tem Tobs ( )
so that T
Tops = ——. 6.11
b 142 ( )

According to (6.6) there is no further change of the v factor in Planck’s law (6.7). The reason is that

the density of states (6.8) does not change, because the 3-dimensional wave vectors k do not change as
in (6.2). Only the energies hv get redshifted. If one puts the light speed ¢ = 1 one misses the point. A
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factor cg in the metric (2.1) would change the unit of time, but this factor then appears in (6.5) and all
conclusions remain valid.
In the magnetic multipole radiation the r-dependence (5.16) is now given by

ws = 1y (kr) = | % cos(kr — 37/4)(1 + O(kr) ). (6.12)

Here we have kr > 1 because the wavelength of CMB is very small compared with cosmic distances.
Therefore we can use the asymptotic expression for the Bessel function [7].

Now let us discuss higher multipoles [ > 0, in fact the lowest multipole is dipole radiation [ = 1.
Until now the explicit time-dependence of X (t), R(t) was not used, so that the separation of Maxwell
equations by means of vector spherical harmonics is generally true. But now we restrict to the nonstandard
background. We write (4.26) as a quantum mechanical Schrodinger equation

d*u 9
ot (k> = V)u=0 (6.13)
where )
X T, — R
V:*l(l+1)ﬁ =-l(l+1) T (6.14)
To get the potential V' as a function of ¢ (4.24) we use the parametric representation (2.14-15)
R(w) = Ty, sin® w (6.15)
X (w) = —cotw (6.16)
dt
o = 2T sin? w. (6.17)
This gives
t w
dt i02 !
Q:/ ZQTL/MW:
—cotw —cot w’
= T (2log cosw + sin? w). (6.18)
Substituting w by R (6.9) we arrive at
R
,Q—R—i—TLlog(l — T—L> (6.19)

This together with (6.14) yields the potential V(g). The Big Bang corresponds to R = T}, that is
0 = —oo, where the potential vanishes. For R — 0 we have ¢ — 0 and a strong singularity ~ ¢~ in the
potential (6.14). This is the end of the Universe at ¢t = « T}, [1].

For cosmology it is sufficient to solve equ.(6.13) in the short-wave (WKB) approximation, that means
for big k. To do so we assume the solution of the form

4

u = exp(ik/s(g')dg'). (6.20)
Then (6.13) goes over into the following first order Riccati equation for s(p)
iks' +2 (1 —s%) =V =0. (6.21)

Here we substitute the power series

5= i s’]’g(f) (6.22)
n=0
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and compare the powers of k. From O(k?) we get sg = &1, O(k) gives s; = 0 and O(k®) yields

Vv

With sy = 1 we finally obtain

/Qs =0- 2;2/91/(@’)@’. (6.24)

The leading contribution ¢ is our simple result (6.1). The next order gives a correction to the redshift
which, however, is small O(k~2).

Appendix

Let é,, €y, €, be Cartesian unit vectors and

R o o €y + 1€, . € — 1€,
0= €z, €1 = _%a €_1 = % (Al)
The vector spherical harmonics are defined by
Vi @0,6) = Y9, 6)é(Lmlq| L1 M)
m,q
= (VAT EIY vpe, (H (42)
L™ \mq-M :
m,q

where the Clebsch-Gordon coefficients or Wigner’s 3j-symbols for spin 1 appear. For electromagnetic
radiation the following linear combinations are most useful:

S (0 -
Vi =Y (A3)

~(1 [ J+1 o, [ J =

=(—1) J o5 J+1 =711

Y = Y — Y . A.

RV R Y (45)

YD s parallel to the radial unit vector 77 = &/r, the other two are perpendicular to 7.
The 3-dimensional differential operators div and curl operate as follows

il ) T3 0, 0)] = —/TT 1 DLy (0,0 (A6)
div[f(r) Y53, (0, 9)] = 0 (A7)
Aivf ()Y 0,0 = (0, + D) FY N (9,0) (A5)
and )
curl[f (1) ¥y, (9, @)] = i(0, + ) ()Y [ (0. 9) (4.9)
curl[f(r) Y3, (9, 6)] = i(9, + %)f(r)f](}v)[(ﬂ, ) +i\/I(J + 1){?};} (A.10)
curl[f(M Y P (09, 6)] = —i/T(T + 1){?}?@, (A.11)

We do not use the nabla notation V because it is reserved for the 4-dimensional covariant derivatives.
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So far all formulas agree with ref.[5], the differences now appear when we use spherical polar coordi-
nates. The transformation of coordinates must be carried out according to tensor calculus as described
in sect.3. Then covariant and contravariant polar components are different. So we have the following
contravariant components

1
(gradf)” = 0,f, (gradf)” = 00 (A.12)
(radf)* = 50, (A13)
r2sin2 9
and 1
(curld)” = ﬁ[aﬂ(snﬁ VA?) — 9, A”] (A.20)
- 1
9 _ r_ 2 A
(curld)” = 2 blnﬂ[a¢A sin? 99, (r2 A?)] (A.21)
1\ o _ 2 A0\ r
(curlA) 2 sinﬂ[ar(r AY) — 9gA"]. (A.22)
We also note 1 1
.1 2 47 : v
divA = T—Q&(r A") + wﬁﬁ(sm VAY) 4 0, A%, (A.23)
To apply these formulas we need the polar components of the vector spherical harmonics:
=(1)r =(1)9 DgY M
=0, Y, = —~L A24
i W= (424
()6 MYy 4
_ .25
JM rsin?9y/J(J + 1) ( )
- _, MYM
VOr—o, v = _ J A.26
M M rsind/J(J + 1) ( )
—i0ygY M
YO = 1002y A.27
JM rsind/J(J + 1) ( )
Vi =yMw.e), Y =0=vL"7 (A.28)
For completeness we list the polar components of the 3-dimensional vector product:
(@x b)" = r?sind(a’b? — a®b”) (A.29)
(@ x b)? = sin9(a®b" — a”b?) (A.30)
- 1
— ¢ _ rpd _  Opr
(@xb) —Sinﬁ(a b —a¥b"). (A.31)
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