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Abstract We apply the perturbative technique which was previously developed in cosmology to
now describe the gravitational field of a galaxy with arbitrary rotation curve. The rotation curve
fixes the background metric. We use a Schwarzschild background as starting point, however with
the correct physical coordinates. Then in the perturbation theory we find two classes of metric
perturbations, (i) stationary perturbations in a 3-dimensional vicinity of the central black hole and
(ii) non-stationary perturbations in an infinitely thin disk. Since the metric perturbations directly
give the matter density the theory explains the structure of disk galaxies with a bulge. As the
inverse of the standard procedure the theory predicts the matter distribution for a given rotation
curve. For small distances the rotation curve is Keplerian, so that the usual Schwarzschild metric
and the classical Solar System tests follow.
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1 Introduction

The existence of dark matter is one of the biggest open problems in physics. Until now all searches
with sensitive underground particle detectors give zero results. Then the dark matter hypothesis be-
comes more and more questionable. There exist various attempts of theories without dark matter, like
MOND and even modified gravity theories. Contrary to these we are going to propose a much more
conservative solution. We have no doubt in the validity of general relativity, because it is extremely well
founded theoretically [1] and experimentally. But some new concepts are needed, both physically and
mathematically.

In 2005 a conference with title “Island Universes, structure and evolution of disk galaxies” has taken
place in The Netherlands [2]. This notion was really prophetic because in this article we shall apply the
same mathematical technique which has been developed for cosmology in a series of papers [3-5], to now
describe the gravitational field in disk galaxies. The general idea goes back to the german philosopher
Immanuel Kant. In his book “Allgemeine Naturgeschichte und Theorie des Himmels” of 1755 he has
described the bound systems of fixed stars as “Welten und Weltordnungen”. The english name “island
universes” is more appropriate. It was introduced by H.D.Curtis in 1920 in the so-called great debate
over the size of the Universe Since clear observational evidence was lacking, Curtis has spoken of “the
island universe theory”. Now 100 years later we are going to give the theory a new meaning.

The technique goes as follows. To have more predictive power than standard theory, we start in
zeroth approximation from a vacuum solution of Einstein’s equation which is in agreement with the
most important measurable quantities, the Hubble diagram in cosmology and the rotation curve in case
of a galaxy. Then first order perturbation theory of this vacuum background leads to a finite mass
content. In cosmology this gives anisotropic dust and the isotropic cosmic microwave background. In
the galactic case we shall find a stationary bulge and a non-stationary infinitely thin disk. Even the
satellite galaxies in planes perpendicular to the disk are given by the perturbative method. This shows
that the inverse procedure of using the rotation curve to derive the matter distribution works well. At
large distances where the rotation curve differs from Kepler, Newtonian gravity definitely breaks down.
Then Einstein’s theory has to be used, irrespective of the velocities of the stars. Astronomers thinking
in terms of Newton’s theory miss the point that Einstein’s equations have solutions without material
sources which describe very physical gravitational fields. What has been done with Newton’s theory and
dark matter can be done in Einstein’s theory without dark matter and then even with more predictive
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power. Of course general relativity can only give the gravitational skeleton of a galaxy, the flesh (for
example the thickness of the disk) must come from other physical processes.

The paper is organized as follows. In the next section we introduce the vacuum background and
determine its rotation curve. This is already contained in ref.[1] and included here for completeness. In
sect.3 we calculate the metric perturbations by solving the perturbed Einstein’s equations dG,, = 8mét .
Since we perturb the vacuum, the perturbed energy-momentum tensor dt,, is diagonal. Then putting
the non-diagonal elements of 6G,, = 0, we obtain the two classes of perturbations. (i) Stationary
perturbations in a 3-dimensional vicinity of the central black hole and (ii) nonstationary perturbations
in an infinitely thin disk. This is the gravitational skeleton of a disk galaxy with a bulge (i) and disk in
the galactic plane. Obviously the infinitely thin disk gets broadened by various other processes. In sect.4
we discuss the corresponding matter density. Our conclusions are summarized in the last section.

2 Vacuum Background and Its Rotation Curve

The spherically symmetric cosmological background in [3-5] is given by the inner Schwarzschild solution
in suitable coordinates. Then we expect that the galactic background should be the outer Schwarzschild
solution in suitable coordinates. It is a general belief that coordinates are irrelevant in general relativity.
As far as mathematics is concerned this is true. However for the physics the right choice of coordinates
is terribly important. There is essentially only one correct set of coordinates, and which one that is, is
dictated by observations. For example, the astronomer can measure the radial distance r of a galaxy
from the earth. He then uses this measurement to determine the rotation curve of the galaxy. But with
a transformation 7’ = f(r) one would lose the contact with the physical reality. After this warning we
write down the outer Schwarzschild metric in a slightly more general form

ds? = g, datda? = e*dt* — ebdr? — r?ef(d¥* + sin® ¥d¢?) (2.1)

where a(r), b(r) and ¢(r) are functions of r only. The presence of ¢(r) # 0 is responsible for a nontrivial
rotation curve in the following. We assume that the astronomers correct their measurements for the
motion of the earth with respect to the center of the galaxy, so that we can choose the center of the
galaxy as origin of our coordinate system and the z-axis perpendicular to the galactic plane.

The covariant metric tensor corresponding to (2.1) is equal to

g = ding (", —e™", —e~/r?, —e /(17 sin” D)) (2.2)

and the nonzero Christoffel symbols are given by

/ /

a a .
F100:§v Fo10:§€ ’
b/ 2./ 2
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2
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F13:§+;, F23:C0t'l9. (23)

To derive the rotation speed we must solve the geodesic equation
d?aH p dx® dxz?

+ R

dr? B dr dr

where 7 is an affine parameter. For motion in the galactic plane ¥ = 7/2 we have the following three
differential equations:

=0 (2.4)

d*t ,dt dr
- — 2.
a2 Y drdr 0 (2:5)
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d*r ' , ,rdtN2 Y sdr b( T, dpn 2
(2 () (8- :
dr? + 2 ° (dT) T3 (dT) e (QC + dr 0 (26)
d%¢ drd¢ _
2.7
dr? ( te ) drdr — 27)
We want to find integrating factors for these three equations. Indeed multiplying (2.5) by exp a we get
d ( dt)
dr dr
so that .
6“5 =const. = A
and "
— = Ae™ " 2.8
dr € (28)

Equation (2.7) is multiplied by 72 which gives

d / ,d¢ dr 2dq§
— — =0.
dr (7" dT)+C dT dr

Dividing this by r2d¢/dr leads to

d deoN de(r)
—1 2z =0.
dr Og(r d7'>+ dr 0
After integration we obtain
2 d¢
log (r —) = —c+ const
dr
so that finally
dop J
L e 2.
dr ~ r2¢ (2:9)

Here the integration constant is chosen in such a way that J reminds of the angular momentum in the
standard theory. Finally we substitute (2.8) and (2.9) into (2.6). The resulting equation can be written
in the form

d’r Y sdr A2,7ab JE T,
=t (E) +5a - 5e (ic + 1>_ 0. (2.10)
Here multiplication by
dr
2" —
¢ dr
yields the integrable equation
d dr dr J? _.dr
— +A% —e " — e~ 2) = 0. 2.11
dT[ (dT):| art r3 ¢ dr(m +2)=0 (2.11)
After integration we have
dr S L
e (d ) —A%e "+ e = = const. = B. (2.12)
T

The 3-velocity which is measured by the astronomers is equal to

dz' dz? da?
- (— ——) (2.13)
dt’ dt’ dt
Since we consider motion in the equatorial plane ¥ = 7/2, only the first and third components are
different from zero. To eliminate the affine parameter 7 in favor of the measured time ¢t we multiply by

appropriate powers of

dr e“
—_— = 2.14
dt A ( )
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Then from (2.12) we get
d 2 ,]2 2a—c B
eb(d—Z) S A (2.15)

Az 2 A2
In the following we are interested in the square

‘72 = —g1n (ﬁ)2—933 (dﬁ) 2=

dt dt
dr\2  J?
_ b 2a—c
=e (E) +A2T26 . (2.16)
Inserting (2.15) the term with J2 drops out and we end up with the simple result
Ve a B a
V2=e+ ﬁeg . (2.17)

The result (2.17) is not yet the desired rotation velocity because the integration constants A and B
must still be determined. To do so we specialize everything for circular motion r = const.. For dr/dt = 0
in (2.15) we get the equation

J?e¢ B
———e "= —==0. (2.18)
A2 2 A2
A second equation is obtained by differentiating this equation with respect to r which is the stability
condition for the circular path:

2 — ——— 4 de *=0. (2.19)
T

This gives the following values for the integration constants

J2 a’r?’
— = 2.20
A% ol + 26 ( )
B ra’  _ _
ﬁ:rc’Jr?e ¢ _e79, (2.21)

Here r now stands for the constant radius of the circular orbit. Now we are able to compute the circular
velocity squared from (2.17)

Vizw= a (2.22)

Next we turn to the solution of Einstein’s equation for our vacuum background. From the Christoffel
symbols (2.3) we can calculate the Ricci tensor. The non-vanishing components are the diagonal elements

1 1 1 2
Ry = 5e“_b(a” + ia’Q — ia'b' +ad'd + ;a’) (2.23)
]' 1 1/ b/ ! / 4 a/2 0/2 2 /
= 2"+ —(a' +2 + )L = 2.24
R 2(a+c)+4(a+ c+T) ) 5 Tc ( )
2 I _ b/ 2
Ryy = e [—1— %C” —r(2d + = 2 ) - %c/(a/ — b +2d)] +1

R¢¢ = SiIl2 ﬂng,
the prime always denotes d/dr. Let

1
G =Ry — §gWR (2.25)

be the Einstein tensor then Einstein’s equations without matter can be reduced to the following three
differential equations

3 1 1 1
__ a—b " /2 10 ’ / a—c a—by _
Gu=e —¢ ¢ +§bc —|—;(b —3d) —|——T2(e —e*77)=0 (2.26)
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G 1”+1(’+’)+C/2+1<1 ")=0 (2.27)
rr — 74 C —(a c — — —e = .
2 r 4 72
r? o, 1 1, , 9
Gy = Eec_ {a” +' == —d —2J)+ §(a’ —a't +dd —bcd+?)|=0. (2.28)
r

It is not hard to see that there are only two independent field equations. Indeed, using (2.27) b can
be expressed by a and c. Eliminating b in (2.26) and (2.28) there results one second order differential
equation for a and c:

a” 2\ 4 d? 2
c”:?<c’—|—;)—&—T—Q—i—a'c’—i—?—l—;(a’—l—c'). (2.29)
Introducing the new metric function
r) = e(r) + 2log — 2.30
21
Te
where 7. has been included for dimensional reasons, equation (2.29) assumes the simple form
f// a// !/
This can immediately by integrated
!/
log f—l =a+ g + const. (2.32)
a

On the other hand the circular velocity squared (2.22) now becomes

/

a a
w(r) = e (2.33)
Using this in (2.32) leads to
f=-2logw
and rw
c=—2log — (2.34)
Te
where (2.30) has been used. This gives us the metric function
_92 r2
e“=—goor " = 5. (2.35)
To get g4 we return to (2.32) which can be written as
Kad'e® = fle=¥/2, (2.36)
Here K, is the integration constant in (2.32). From (2.22) we find
2 d
‘e = '+ =)= —e 2.37
e +2)= B o
Combining this with (2.34)
)
¢=-22 =
woTr
we arrive at
4 g _ —2uw’
dr
This gives
g = €* = 2w + K,. (2.38)
Finally ggg or expb follows from (2.27). Solving for exp b we have
2 2
e’ =def (561 + r) +cef (Zc' + r) +e°. (2.39)
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Substituting (2.38) and (2.34) we find

b ow? /1 1
Gl 1y
w3 \w  w—K,/2
We choose the integration constants K, = 1 and r. = r,/2 where r, is the Schwarzschild radius
rs =2MG (2.40)

and M the mass of the central black hole. Then we get

r2

e’ =-2w+1 (2.42)
2 2
b Ts w
== 2.4
4 wi(l - 2w) (243)
This is the desired background for arbitrary rotation curve. For
Ts
== 2.44
W= (2.44)
it reduces to the Schwarzschild solution
-1
ds? = (1 - %)d# . (1 - ”7) dr? — 12(d9? + sin 0do?). (2.45)
3 The Two Classes of Metric Perturbations
It is our aim to solve the linear perturbation equation of Einstein’s equation of the form
0G0 (90as)(hoo) = 8Tt (3.1)

where h,, are the metric perturbations to be calculated. As in the cosmological calculation [4] we choose
the Regge-Wheeler gauge [6] where h,,, is of the form

—eaHg ele 0 0
e"H, —e'H, 0 0
h/u/ = 0 ! 0 0 T2€CK 0 )/lm<197 ¢) (32)
0 0 0 7r2eKsin?9

Here Y;™ denote the spherical harmonics, the functions Hy, Hi, H> and K depend on ¢ and r only beside
I, m. It was shown in [4] (equ.(2.13)) that the linear variation of the Einstein tensor can be obtained by
covariant differentiation as follows

206G, = =V Vahuy + Vo fu+ Vufs — 2R, hG — V,V,.he+
~9ur(V* fa = VPV h3) (3.3)

where
fu = vah;ww (3.4)

To determine the right side of the perturbed Einstein’s equation (3.1) we assume that the exact
energy-momentum tensor has the perfect fluid form

tu = (0 + P)upuy — Py (3.5)

where ¢ and p are density and pressure of the matter and wu, its 4-velocity. The vacuum as zeroth
approximation is given by gy = 0 = pg and

ug, = (€42,0,0,0) (3.6)
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because of the normalization u,u* = 1. The first order perturbation of the vacuum is then equal to
6ty = (60 + dp)uoy oy — 6pGoyuw (3.7)
where go,,, is the unperturbed background metric (2.40-42). This yields the following diagonal tensor:
0t = diag(e“do, ebop, r2e5p, 2 e sin? ¥dp). (3.8)

The important point is that the off-diagonal elements vanish. Then the off-diagonal components of (3.1)
give linear homogeneous equations for the metric perturbations which we now study.
First we must compute

f# = gya(aahl—“’ - Fﬁahﬁl/ - Fuﬁahl’«ﬁ)‘ (39)
We obtain )
fo= [—alHl — OoHy — V'Hy — (¢ + ;)Hl}Y (3.10)
/
2
fi= 6b7a60H1 + O1Hpy + 2b/H() + %(HO + HQ) + (C/ + ;)(HO - K) Y (311)
fo=—K0Y, fo=—-K0sY. (3.12)
We also need the background Riemann tensor, its nonzero components are equal to
1
Ry, = 1(—2a” —a?+dV)
a/
RYos = —Z(TQCI 4 27)ec?
li
RYys = —%(7’20' + 2r)e“ P sin? o (3.13)

- Voo 1\ 18
Ryg =t 42 (3 = G+ 5) 5 —rd -

b 1
Rijy=e“" |:(’I"26/ +2r) (— e + )

1 T —T—Sc” —rd — 1} sin? 9

2
et 404
Now the simplest computation is §Go3. Here only the terms
—V3Vah§ = (=030 + cot 903)(Hy — Hy — 2K)Y (3.14)
and V3 fa, Vafs contribute in (3.3), so that we obtain
20Gao3 = (cot 903 — 0302)(Ho — Ha)Y = 0.
We assume [ > 1 in the following. Then this yields the first relation

Ho(t,r) = Ha(t,7) (3.15)

which will be used at various places in order to simplify the equations.
For 6G13 we need
VOV ohis = —2I5,0% 43 — 21530% 01

= [f(c' + %)TQeC(K + Hyp) sin? 19} *Y. (3.16)

Here it is important to note that hi3 has to be understood as the tensor h,, where y =1 and v = 3 is
taken after applying the covariant derivatives not before (this would give h13 = 0). The other terms
which contribute are

Vafi =03f1 — I'isfs =
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d 1 a’ d 1
= |eb=28uH, + 8, Hy + 2(b' +5+ ;)HO + 5 (Hy — Ho) - (5 + ;)K] BsY (3.17)

and ,

C 1
Vifs = 0ufs = Tisfs = |~0uK + (5 + - ) K|0sY.
This finally yields

!/

206Gz = [e""“OoHy + 01 Ho — O + Ho (20 - %/)+H2% ~K(¢+ 2)]83}/ —0. (3.18)

r
This is a first equation for the metric perturbations.
The calculation of §G12 is quite similar with one very important difference. In

2 S|
VOVahiz = [~ (¢ + Z)r2et(K + H) |0y + cow(% + ;) (2K + Ho)|Y (3.19)
there is an additional term proportional to cot ?). It comes from
9 hao (T35 5y + I5T35). (3.20)

As a consequence the final result differs from (3.18)
b—a / ’ 2
206Gy = [0 Hy + Oy Hy — 01K + 20 Hy — K (¢ + =) |opy —
T

1

/
- cotﬁ(% + ;) (Hy + 2K)Y = 0. (3.21)

For a nontrivial solution for the metric perturbations the last term must vanish in addition to the first.
There are two possibilities for this: (i) Ho = —2K or (ii) ¥ = 7/2. The first will give the bulge, the
second gives the disk in the equatorial plane.

The next off-diagonal element is §Gg3. Here we have

VoV o hoz = —20330%hor

and
Vsfo=03fo, Vofs=0ofs =—00KdsY. (3.22)

This gives the final result
20Go3 = (—80H2 + 0K — 01 Hy — b/Hl + 260K)63Y =0. (323)

This is a second equation for the metric perturbations. Again the calculation of Gz is quite similar,
but with an additional term in

VOV ohog = —21950%ho1 + g% T3 Toghor =

2 d 1
(2 c . 1
= @-+T)HﬁbY+wnm%ﬁ(2—+r>Y (3.24)
Then the final result is

/
1
25G02 = (—80H2 + 80K - 81H1 — b’Hl)(?QY — cot ’I9H1 (% + *)Y =0. (325)

Again the last term proportional to cot ¥ must vanish separately. Consequently in the bulge case (i) we
must have H; = 0 or we are in the disk (ii) with ¢ = 7/2.

The most complicated off-diagonal component is §Go; which gives us a third equation for the metric
perturbations without additional terms. The details are shown in the appendix. The final result is a
second order equation:

2 2
26Go1 = |20100K + (2" + ¢+ T)0oHa — (o' + ¢+ T)Op K+

r
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a =

2
where the function g;(r) is given in the appendix (A.8).
The three differential equations (3.18), (3.23) and (3.26) in (¢,7) can be easily integrated in the bulge
case (i) where

+

O Hi + gl(T)Hl Y=0 (326)

Hy =0, Hy=-2K = H,. (3.27)
Indeed equation (3.23) becomes JyK = 0 that means the metric perturbation is stationary. Then
equ.(3.26) is identically zero, but equ.(3.18) gives
/! / / 2
BK'+ (40 +c +-)K =0 (3.28)
r

with the solution

K(r) = Cor~?/3 exp —(%b + %) (3.29)

where Cj is a constant of integration. We shall discuss this further in the next section. In the disk (ii)
no stationary solution is possible. Indeed, if all temporal derivatives in (3.23) and (3.26) are set = 0, one
gets a contradiction between these two equations for H; different from zero.

4 Matter Density

The matter density follows from the diagonal component
20Goo = —V*Vahoo + 2V fo — 2Rg,0hG — VoVohe—

—900(V® fo — VPV h2). (4.1)

In calculating
VVahoo = 9" 8,0, hoo — AT 350" hoo — g™ TS 305ho0+

29 hoo (=081 5o + TS5 T50 + Tis18y) +29*  hoo TSu I (4.2)

the angular derivatives in the first term are transformed by means of the basic relation for spherical
harmonics

1
Then we obtain
(l+1
V“Vahog = *agHQ + e“*b[ang + (20,// — a/2)H2] — %eachéi
I b/ 2
—2a’80H1 -+ 6a7b81H2 (a 5 +d + ;) . (44)

Another long computation is the last term in (4.1). It is equal to

VO fo — VPV3hE = e7%02(2K — Hy) — 2¢~%0g0y Hy — e 0% (Hy + 2K)+

I(l+1 ! 4
LU hi Je—ek + e*aaoHl(‘i _ 3y e - 7)7
r 2 2 T
3 3 4 2
—e 9, Hy (5(1' + §b' +2¢ + ;)—l—e‘balK(b' —ad - — ;)—i—
b —a 2 2 2
+e " H, [( T _¢- f) (a’ +2b +c + f)—a" 20" ="+ —2]
7 7 r
b —d 2 2 2
R e ) | G ) A1 (4.5)
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There are three contributions from the Riemann tensor: R}, R35, and R3s. Putting everything together
we finally get the desired matter density from

A(l+1

167T€a(5Q = 2(5G00 = 2ea_b8fK — ea_C(;JK — a'81H1+

,
3 / b/ a—b / / 2 a—b / 2 /
+30H1(§a - 5) + Oy Hye® (20 + ¢ + ;) +e" PO K (d + - v+

I(l+1 3 2
—I—nga_b[( + )—4a”—2b"—c”—fa’2—2a/b'+b’2—a'(c’+—)—
r2 2 r2

1./
o2 At (, 2)(_§,_§,)_(, 2)2 3}
2a 2 +b'° + C+r 2a 2b C+r +r2+

a—b / 2 o ! v / 22 /" 2
the [(c +7~)(2a 2)+(c +2) e 7"2] (4.6)
The other diagonal components give the pressure according to (3.8), but since it is not easily measurable
we do not compute it here.
To calculate the mass density profile the metric perturbations K,H; and Hy are now needed. These
are known in the bulge (3.29), if we know the circular velocity squared w(r) in (2.41-43). In the core
near the central black hole we may assume the Schwarzschild value (2.44)

Ts
w(T)Zﬂ

because it is used if one determines the mass of the black hole. Then from (3.29) and (2.41-43) we find

w®

K =0 w'8/3

E)4/3. (4.7)

1—2w)3 = Oyr=2/3(1 -
(L= 2u)t = G2 (1= T

Here Cy and C5 are constants of integration which contain the Schwarzschild radius r,. For the moment
it is sufficient to expand the results for r large compared to rs and calculate the leading order. Then we
have K oc r~2/3 and all terms in (4.6) go with the same power of r, namely

So(r) oc r78/3, (4.8)

If one tries to test this result against observations one should keep in mind that this is the gravitational
density profile. It may be changed by other physical processes.

In the disk the integration of the three evolution equations (3.18), (3.23) and (3.26) is more compli-
cated because of the time dependence. Since the time only appears in derivatives we go over to Fourier
transformed quantities

A

K(w,r) = (2m)~1/? / K(t,r)e “'dt (4.9)

and similarly for H; and Hs and we omit the hats in the following. Then each derivative dy gives a factor
iw. The three equations now become

81H1 = iw(K — Hg) — b/Hl (410)
2

O ((Hy — K)+20Hy — K(¢' + =) 4 iwe?™H; =0 (4.17)
T

2 2
2iwh K + (20 + ¢ + =)iwHy — (o’ + ¢ + =)iwK+
r r

a =

O Hy + g1(r)Hy = 0. (4.18)
To get completely real equations we divide by iw and introduce the new metric function

Hs(w,r) = i (4.19)

W
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Then we obtain the following first order ordinary differential equations

O Hy = K — Hy — b/ Hy (4.20)

/ bl 2 ! 2

201K = K (* LA 25 - Sy - =)+
T 2 2 r
"y
+H; (b’a — - gl(r)) (4.21)
2

O Hy — 0K = w?Hse™ — 20/ Hy + K (¢ + ). (4.22)

If the rotation curve in the disk is known, on can determine the metric functions a, b and ¢ from (2.41-
43). Then these equations can be numerically integrated by any ODE-solver. This yields the metric
perturbations and by (4.6) the matter density in Fourier transformed form.

5 Conclusions

In standard theories of galaxies one assumes some matter distribution, typically with a disk, a bulge
and a halo of hypothetical dark matter. Then one calculates the rotation curves by means of Newtonian
gravity, saying that the velocities of the stars are small so that the relativistic theory is not needed.
However, to understand the nontrivial rotation curves there are two possibilities: Either there is dark
matter and Newton is right - or Newton is wrong. Since direct searches for dark matter have been negative
we advocate the second possibility. But different from the MOND paradigm we fully believe in general
relativity as the correct gravity theory on all scales. After all it would be curious if this beautiful theory
would only be needed to calculate small corrections to Newton apart from singular phenomena as black
holes and the early universe.

Our main conclusion is that general relativity is strongly at work in galaxies. In contrast to standard
theory we do not start from some matter distribution, but from the observed rotation curves. They
provide the gravitational background of the galaxy and the perturbed Einstein’s equations then give the
matter density. In this way the structure of disk galaxies is derived from the theory, not assumed. A
last highlight can be added. The Milky Way and other galaxies are surrounded by satellite galaxies [7]
which are located in planes ¢ = const. perpendicular to the disk. Applying our perturbation theory to
those planes we find non-zero solutions for the metric perturbations and, hence, for the matter density.
So even this detail is correctly described by galactic general relativity. The standard dark matter theory
is in difficulty here [7].
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Appendix
Here we calculate
26G01 = V1f0 =+ Vof1 — ZggaRgalhga — V1Vth — Vavah()l. (Al)

First we compute
V"Vahm = g”“@uayh01 — 2F508ah01 — 2F§18ah00+
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9" hor (=015 + T 2515 + T§5T3,)- (A.3)

The second order differential operator is equal to

—anz  —baz € a2 e _
{e % —e 0 - r2 %~ rzsin219a ¢fho1 =
1
- [e—aag ~ e—baf]hm + e—cl(l%)ebﬂmmw, ) (A.4)

where we have transformed the angular derivatives by means of the identity (4.3). The term with cot ¢
drops out so that the final result is proportional to Y:

o a _ _JAl+1 a 3 2
VoVahoy = [(e 92 — e 02 — e %)ele + O (5 + 5b — = D)+
" /! 1./ /. I
+2a' 8y Ho +H1(a +b +a?+ 0?2 —db + a; - bTC a4 . b )]Y (A.5)
Next we compute
0 2 a / / 2
Vifo=01fo— Iy fo= {—315()1{2 — 01 Hy + 31H1(§ -V - - ;)-i—
/ /bl /.0 I 2
+ 500 Hy + Hi(<y ¢+ 2+ T+ S D)y (A.6)
2 2 2 roor
and
Vofi =00fi — Iy fo=
b—a 52 / l a ’ 2 a
— (" “08 Hy + 0001 Ho + 20/00Ho + 0/ Qo Ha + 0o Ho (5 + ¢ + )+ 501 Hi -
, 2 ar, , 2
—(C +;)80K+5(b +c +;)H1}Y (A7)
From the Riemann tensor we obtain
B a’b’ a// a/2
o Rl =< (T -5 - T)
times —2hg;. Finally
V1Vohe = 0100he — I 0ohS = —20,00K + /9o K.
Inserting everything into (A.1) we get the equation (3.26) with
a-v' ., d?* 3, be o 2y 2 (l+1)
_ _ v hd b/ e 7(/ 7) = b—c } A8
91(r) 5 gt () e 3 (A.8)
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