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1 Introduction

To characterize the regularity of solutions to some partial differential equations(PDEs), Morrey [1] first
introduced classical Morrey spaces M), » which naturally are generalizations of Lebesgue spaces. We also
refer to [2],[3] for the latest research on the theory of Morrey spaces associated with harmonic analysis.
Next, we recall the definition of weighted Lebesgue spaces. By a "weight" we will mean a non-negative
function w that is positive measure a.e. on R".

Definition 1. (Weighted Lebesgue space) Let 1 < p < oo and w be a weight function; w (z) > 0 and
w € L'°¢ (R™), we shall define weighted Lebesgue spaces as

1
P

Ly(w) = LR w) = £ [fllL, . = /If(x)l”w(:v)dx <oob, 1<p<oo

Lo = Leel®0) = {7 . = esssup (@) fule) < oo}

Then, Komori and Shirai [4] introduced a version of the weighted Morrey space Ly, (w), which is
a natural generalization of the weighted Lebesgue space L,(w), and investigated the boundedness of
classical operators in harmonic analysis (see [4] for details). Motivated by [4], in this paper we shall
introduce the weighted anisotropic Morrey Spaces and investigate the boundedness of the anisotropic
maximal functions on this space.

2 Definition and Notations
Throughout this paper all notation is standard or will be defined as needed.
n 2
Let R™ be the n—dimensional Euclidean space of points = = (z1, ..., ¥,) with norm |z| = me) ,
i=1

1=
Q = Q (xg,7) denotes the cube centered at xy with side length r. Given a cube @ and A > 0, AQ denotes
the cube with the same center as ) whose side length is A times that of Q. A weight is a locally integrable
function on R™ which takes values in (0, 00) almost everywhere. For a weight function w and a measurable

set E, we define w(E) = /w(x)dx, the Lebesgue measure of E by |E| and the characteristic function
E
of E by x . Given a weight function w, we say that w satisfies the doubling condition if there exists a

constant D > 0 such that for any cube @, we have w(2Q) < Dw(Q). When w satisfies this condition, we
denote w € A,, for short.
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Let Rj = R™\ {0} and Z be the set of integer numbers. Let also a = (aq, ..., a,) be a fixed vector
from R™ with a; > 0,¢=1,...,n. Consider a real n x n matrix A with eigenvalues A;, ReA; = a; >0
and let Q = trA be its trace. The matrix A determines a one-parameter group A; = exp(Alnt), t > 0 of
nonsingular transformations of R™. Denote by diag {a1, ..., a,} the matrix with numbers ay, ..., a,, on the

main diagonal and zero off -diagonal elements and let ay,.x = 1I£1a<x a;. Associated with the group A; is
<i<n

the Ai-homogeneous metric p : R — Ry, p(Aix) = tp(x) which is smooth on Rj.

—2ai
a

a; |

For z € Ry, let [z], be a positive solution to the equation Zx? [x]

2 =1land |z|, = Jax |z
1=

Note that p (x) is equivalent to |z|,, i.e.,
erlel, < p(a) < calal,-
For € R™ and r > 0 we define the one-parametric parallelepiped

E(z,t) ={yeR" |z —y[, <t}
z{yER”:|yi—mi|§t’“, i:l,...,n}

and by E = E (a) we denote the set of all E'(x,t) with x €e R”, ¢ > 0.If a; =--- = ay, then E(z,t) is a
cube.

All parallelepipeds are assumed to have their sides parallel to the coordinate axes. E = E (zg, r) denotes
the parallelepiped centered at zy with side length r®t ... r% consequently. Given a parallelepiped E and
A > 0, A°E denotes the parallelepiped with the same center as E whose side length is (Ar)** ..., (Ar)"
consequently.

Unless otherwise indicated, the letter C' is used for various constants, and may change from one
occurrence to another. First we introduce a weighted anisotropic Morrey space.

Definition 2. (Weighted anisotropic Morrey spaces) Let 1 < p < 00, 0 < k < 1 and w be a weight.
Then a weighted anisotropic Morrey space is defined by

Ly yqo(w):= {f € L'(w) : 1Az, o) < 00} ;

where
”] Hl sup ! /|f(x)\pw(x)dx
por,a (W) E 'LU(E)K

and the supremum is taken over all parallelepipeds E on R™. In the case of a = (1,...,1), we get weighted
Morrey spaces Ly, ,.(w) = Ly .1 (w).

Remark 1. Alternatively, we could define the weighted Morrey spaces with anisotropic balls instead of
parallelepipeds. Hence we shall use these two definitions of weighted anisotropic Morrey spaces appropriate
to calculation. Also, we could define the weighted Morrey spaces with cubes instead of parallelepipeds.
Moreover, when a; = --- = a, = 1, then p(x) = |z| and @ = n. In this case, weighted anisotropic Morrey
spaces is reduced to the weighted Morrey space:

1 F Ny ) = Nl Ly )

Thus from this viewpoint, Theorem 4 and Theorem 4 below improve the corresponding results in [3],[4].
In other words, in this paper our goal is to extend results in [3],[4].

Remark 2. (1) fw=1and kK = A/n with 0 < A <n, then L, .(w) = L, »(R") is the classical Morrey
spaces. If w = 1 and k = I%I with 0 < A < la|, |a|] = a1 + -+ + an, then Ly, . o(w) = Ly qo(w) the
anisotropic Morrey spaces. (2) Let w € Ag. If kK = 0, then L, o(w) = L,y(w) is the weighted Lebesgue
spaces. If k = 1, then L, 1 (w) = Lo (w) by the Lebesgue differentiation theorem with respect to w (see
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[5]). (3) In the one-dimensional case, let a weight w (z) = |z|” for some —% < a < 0 and a function

F (@) = X, lal "% Then f € VS5 (w) \ L2+ (w).
Let f € L'°¢(R"). The anisotropic maximal function M f and the sharp maximal function f# are
defined by
M) =sup B0 [ 17l

t>0
E(z,t)

and
f# () = sup | E(z, )| / W) — Foendy,

t>0

E(z,t)
where fp( = [E(z,t)|70 [ [f(y)ldy.
E(x,t)
If a; = -+ = ay, then E(x,t) is a cube and M f becomes the usual Hardy-Littlewood maximal

1
function. For r > 0, we denote M, f(z) by (M |f|" (x))".
Let w be a weight. M,, denotes the anisotropic maximal operator with respect to the measure w (z) dz
defined by

My (@) = sup — /|f Y (y (1)

Here and after, A, denotes the Muckenhoupt classes (see [3]). In other words, let 1 < p < co. One
says that w (z) € Ay (R™), if the following condition holds:

[w]Ap = S%P[W]AP(E)

p—1
1 / 1 1p’
=sup | — [w(z)dx —/w(x) Pdx < 00, (2)
PG 71

where the supremum is taken with respect to any parallelepiped E and p’ = —£5. The condition (2)
is called the Ap-condition, and the weights which satisfy it are called A,-weights. The property of the
Ap-weights implies that generally speaking, we should check whether a weight w satisfies an Ap-condition
or not. The expression [w]4, is also called characteristic constant of w. For the case p =1, w € Ay (R") if

x)dx < C inf w
|B|/ @),

r€EB

and the infimum of these constant C' is called the A; constant of w and denoted by [w]4,. Since the
Ay classes are increasing with respect to p, the A, class of weights is defined in a natural way by
As (R™) = U Ap (R™) and the A constant of w (z) € A (R™) is the smallest of the infimum of the

1<p<oo

A, constant such that w(x) € 4, (R"), [w]a,, = 1<inf [w]a, and [w]a, < [w]a,.
Sp<oo

It is easy to verify that, p(z)* € A, if and only if —|a] < & < |a|(p—1) for 1 < p < oo and
p(x)® € Ay if and only if — |a| < a <0.

3 Lemmas and Well Known Results

In this section, we shall prove some lemmas and describe the well-known result about the weighted L,
spaces.

Theorem 1. ([[6], Theorem 2.6, p. 146]) If 1 < p < 0o and w € Ay, then the operator M, is bounded on
L,(w).

The next lemma plays an important role in our proofs of theorems. We say that w satisfies the reverse
doubling condition if w has the property (3) of the following lemma.
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Lemma 1. ([4])If w € Ag, then there exists a constant Dy > 1 such that
w(2E) > Dyw (E). (3)

Proof. Fix a parallelepiped E = E (z9, 7). Then we can choose a parallelepiped R C 2F with side length
5 which is disjoint from the parallelepiped E. Hence

w(E)+w(R) <w(2E).

(
On the other hand, since E C 5R we have w (E) < w (5R) < D3w (R), where D is a doubling constant.

Therefore we have
w (E)

D3

w(E) + <w(2E).

Lemma 2. ([7]) The following statements hold:
(1) If we A, for some 1 < p < oo, then w € Ay. Moreover, for all A > 1 we have
w(AE) < X'P[w]a, w(E).

2) Let w € A, for some 1 < p < oo. Then we have
P

Mf(x) < [w]h (M (1) (2))7 .

P

Proof. (1) Let w € A, for some 1 < p < oo and A > 1. Then

p—1
/w (a:)lfp/ dx
wAE) _ <)\E|>p [w]a, (AE) \&
w® ~\[8) Tuls, (@) =
/w ()77 dx
E

< APl A,

(2) Let w € A, for some 1 < p < co. Applying the Holder’s inequality, we get

Ammﬂ?;/mmm
E
S?%TﬂMWMMI ﬂwwmx
E E
=su b xpwxxg wxl_pla:p @%
—waZmn<m Zu d)(w)

s?w@JVuwmmmgﬁ/wmm [ut@) v
E E

S
|
—
=

< lh (M (If17) ()7 .

P

4 Anisotropic Maximal Function

In this section, we shall state the boundedness of the anisotropic maximal operators on weighted anisotropic
Morrey Spaces.
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Theorem 2. (Our main result) If 1 < p < 00, 0 < k < 1 and w € Ay, then the operator M, is bounded

on Ly . o(w).

Proof. Fix a parallelepiped E C R™. We decompose f = f; + fa, where fi = fxsg. Since M, is a
sublinear operator, we have

/wa /wal w(z)dz |+ E/wag(x)pw(x)dx

=I+1I.

=

For the term I, since M, is bounded on L,(w) (see Theorem 3), we obtain

]

I< /wa1 (@)’ w(z)dz | <C /\f(x)|pw(x)dx
B

< C”fHme(w)w(E); :

Next we estimate the term II. By simple geometric observation, we have for any x € E, note that for
all E such that z € E, EN (3E)° # 0 there exists R such that £ C 3R and R C E C R.

Then w (E) > w (%R) > Dilw (R) and

My fo(x) < Dy sup /|f )w (y

R:EC3R w

Note that

=
K

&%)n/lf(y)lpw(y)dy w(R)F < C||f\|LpM(w)w(R)NT“,

if E C 3R. So we obtain

My fo (2)" w(z)de | < Sup —— \f )w (y w(ﬂf)dw
. xeRw

< / [canLp,m(w)w(E)”T*}pwu)dx sc||f||L,,,N,(,<w>w(E)"le /w(m)dm

E

=
10

1
P

E
—cllflly, .y w (B)F.

Therefore

1

I <C|fllg, 0w w (E)

pna.

This completes the proof.
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Corollary 1. ([4],Theorem 3.1) If 1 < p < 00, 0 < kK < 1 and and w € Ay, then the operator M, is
bounded on L, . (w).

Theorem 3. (Our main result) If 1 < p < 00, 0 < kK < 1 and w € A, then the anisotropic maximal
operator M is bounded on Ly . o (w).
Ifp=1,0< Kk <1land w € Ay, for all t > 0 and any parallelepiped E,

C .
w@e B Mf()>0) < =l w (B

Proof. Let 1 < p < oo. By the reverse Holder inequality (see [8]), there exists 1 < r < p such that w € A,..
Hence it follows from Lemma 3 (2) and Theorem 4 that

L Pw(z)dx L ") (2)* w(z)dz
WE/Mf(w) (x| < w(E)KJE/Mw<|f><> ()d

kS
P

< C|Mw (If]")

1
igm,’a(w) < ¢ H|f|T

1
=
ngma(w)

T

1 (2
I w(E)“E/f(xﬂ (M w(z)do =Cllz, o) -

b1k

When p = 1, we use the Fefferman-Stein maximal inequality
C
¢(z)de < o [ |f (@) (M) (z) dz
{z:M f(x)>t} R
for any functions f and ¢ > 0 (see [9],[6]).
Fix a parallelepiped E = E (zg,r). Put ¢ () = w (z) xg (). Then we have

e @u@ds < S [ 1 @M (wxe) @) de
{z:M f(z)>t} R™

=% /+/ :%{HU}

3E  (3E)°

for all ¢ > 0.
We now estimate the term I. Since w € Aq, it follows that

M (wxs) () < M (w) (2) < Cuw (x).

So it follows that
I <Cuw(3E)" Hf“Ll,ma(w) < Cuw(E)" ||f||L1Yma(w) :

To estimate the term I1, we consider the form

ﬁ/w(y)dy

RNE

for z € (3E)°N R and RN E # (). By simple geometric observation, we have

1 1 e
@/w@)dyscn | /w<y>dy < Oz — a0l 71w (E).

x —x0|la|
RNE a g
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Therefore we obtain
M (wxg) (z) < Cy |z — o), w (E).

Since w € Ay, we have w € Ay by Lemma 3 (1). Using Lemma 3, we have w (3E) > w (2E) > Dyw (E)
with Dy > 1. Thus we can estimate the term I as follows:

HSCw(E)/x'i I‘“‘ _CZ / %dm

(3E)° I=hit1E\(39 ) @
— 1
<co®Y g [ F@lds
= 3i+1E
- 1
Z 3JE| es;sill%m |f ()] w(x) dx
J=1 v€ 3i+1E
1 [3TE
— Cu (P Zw%lg) | i@l
=1 39+1E
00 1 K 1
By Sm EEEy | @@
=1 39H1E
o] w(E)l—n

< Cw(E)" —————— < Cw(E)" .
< Cw (B)*[Ifll 1, ..o Zw o <O E Wl

The last series converges since the reverse doubling constant is larger than one (see Lemma 3). This
completes the proof.

Corollary 2. ([4],Theorem 3.2) If 1 < p < 00,0 < k < 1 and w € A, then the Hardy-Littlewood maximal
operator M is bounded on L, (w). If p=1,0 < k < 1 and w € Ay, for all ¢ > 0 and any cube @,

w(lreQ: Mi@) > 1)< Tl w(@"

Corollary 3. ([3],Theorem 2) Let 1 < p < 00, 0 < k < 1 and w € A,. If A is a (not necessarily
quasi-homogenous) pseudo-differential operator of order 0, then the operator A is bounded on L, . (w).

Comllary 4. ([3], Corollary 1) Let m e N, 1 < j<n,1<p<oo0, 0< k<1 weA,and a(z,§) =

——3 . Then
(1+e?) %

| erasieny 2 rn], <Ol 0
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