Journal of Advances in Applied Mathematics, Vol. 3, No.2, April 2018
66 https://dx.doi.org/10.22606 /jaam.2018.32004

Criteria for Nonsingular H-tensors
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Abstract. Tensor is a high-level extension of the matrix, H-tensor is a special tensor and it is a new
developed concept in tensor analysis. In this paper, we introduce some definitions and theorems firstly,
then establish some implementable criteria in identifying nonsingular H-tensor, and at last give two
numerical examples to prove the criteria are reliable.
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1 Introduction

Tensor analysis and computing has received much attention of researchers in recent decade since tensors
have wide applications in signal and image processing, continuum physics, higher-order statistics [1].

Generally, tensor is a higher-order extension of matrix. A high order tensor is a multi-way array whose
entries are addressed via multiple indices in the following form:

Az(ailiQ...,' )alj =1a27“'7n‘7-a]=1a27"'>m7
where a . arereal numbers. If n =n, =---=n_=mn, then A is called a square tensor, otherwise it
172 i

is called a rectangular tensor.
For tensor A and matrix X, their product on mode-k [1] is defined as
(A X],/ X)i‘iZ...jl...jm = ~ Aili’z‘“iku‘im iﬂjl
i =

which denotes that
AX™! = Ax, Xx, Xeox X

For tensor A and vector z € R", AX"™ isa vector in R" with entries

N1,

(AX"™™. = a.. X X X i=12--n

) ) ) )

¢ Uyl g U
iy sy i =1

and AX"™ is a scalar with
NN, n

AX" = Z a X1XX .

By, m

iyl et =1

The paper uses I to denote m-th order n-dimensional identity tensor with entries

1 T
I . = ! "
e 0 otherwise.
and define the following notation
s i==i,
e 0 otherwise.
In paper [2] and [4], the authors gave some properties and applications of M-tensors. In paper [3], the

authors gave some properties of H-tensors. H-tensor plays an important role in identifying positive
definiteness of even-order real symmetric tensors and it contains M-tensor as special cases. This paper
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establishes some new implementable criteria in identifying nonsingular H-tensors and gives two numerical
examples.

2  H-tensors and Their Properties

The paper first presents some definitions developed in tensor analysis and then introduces some kinds of
specially structured tensors. For a real m-order n-dimensional tensor A and a scalar A e C, if there
exists nonzero vector X € C" such that

AX"™ = x0T,
where XU"J e " with (X["H])]: e X" i=12n then A issaid to be an eigenvalue of tensor A

and X an eigenvector associated with eigenvalue A . In particular, if X is real, then A4 is also real,
and (A4;X) is said to be an H-eigenpair of tensor A . The largest modulus of eigenvalue of tensor A is
called the spectral radius of tensor A and denotes it by p(A). Motivated by the characteristics of
nonsingular matrices and say a square tensor is nonsingular if its all eigenvalues are nonzero.

Definition 2.1[2] Tensor A is said to be a Ztensor if it can be written as A =c¢I —B, where ¢ >0
and B is a nonnegative tensor. Furthermore, if ¢ > p(B), then A is said to be an M-tensor, and if

¢ > p(B), and then A is said to be a nonsingular M-tensor. It is easy to see that all the off diagonal

entries of a Z-tensor are non-positive.

Proposition 2.1[2] Let A be a Ztensor. Then it is a nonsingular M-tensor if and only if one of the
following conditions holds.

(1) The real part of any eigenvalue of tensor A is positive;

(2) There exists positive vector X € R" such that AX™" > 0.

Definition 2.2[2] For m-order n-dimensional tensor A, its comparison tensor denoted by M, , is defined

as
‘aii---z’m‘ i, =iy ==1,
A .
—la,, . otherwise.
172 m

Definition 2.3[2] If comparison tensor M, of tensor A is an M-tensor, then tensor A is called an

H-tensor, and if comparison tensor M, is a nonsingular M-tensor, then tensor A is called a nonsingular
H-tensor.
Definition 2.4[3] Tensor A is called diagonally dominant if

|az'z'~~~i| 2 Z ‘aii iy ‘7Vi =12n, (21)

iy #iieed
and tensor A is called strictly diagonally dominant if all the inequalities hold with strict inequality.
Theorem 2.1[3] If square tensor A is strictly diagonally dominant or it is irreducible and diagonally
dominant with at least one strict inequality holding in (2.1), then it is a nonsingular H-tensor.
Definition 2.5[4] Tensor A is said to be generalized strictly diagonally dominant if there exists positive
diagonal matrix D such that AD™" is strictly diagonally dominant.

Proposition 2.2[2] Tensor A is a nonsingular H-tensor if and only if A is generalized strictly
diagonally dominant.

Corollary 2.1[2] For square tensor A, if there exists a positively diagonal matrix D e R™ such that
AD™" is a nonsingular H-tensor, then A is a nonsingular H-tensor.

Proposition 2.3[2] If tensor A is irreducible and diagonally dominant with at least one strict inequality
holding in (2.1), then it is generalized diagonally dominant.

3  Criteria for Nonsingular H-tensors

Now, the study turns to considering one kind of tensor diagonal product dominance. Let S be a subset of
N and S =N\S. Then the following multiple index is defined
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A :{2223% |i, €S for any k :2,3,--~,m}7
X:{iziS---i"L A egfor anyk=2,3,---,m}.

Based on the above sets denote that

RZ-A (A) = Z ‘an‘zmz‘m ‘7 R@'A (A)= Z ‘aﬁz'”im ‘

dyly -+t Gyly et i
lylg-oei €A
23"

Then the paper can have the following conclusion.

Theorem 3.1 For tensor A =(a,, . ), if there exists a partition (S,E) of the index set N such that
p| ~RYA)>0,peS; aqqmq| ~-R'(A)>0,g€S.

G| = RE(A)™ > RN(AY (R (A))™

q9q-q

la
—

(3.1)
a,..,| - B (A))(

and if a € {0,%} then A is a nonsingular H-tensor.

Proof: From

(a,..| - B2 A" (a,..| - BXA)™ > BNA) (R (A)™,

then o
| A N A LS
R}(A) a,,.,| =B (A)
From the first inequality of (3.1), one has
o, B
RY(A)
If ae {O,%} holds, then
(|a,mup|7— AN <|am,m,,|7— RW, B .,
R} (A) R}(A) a, |- R'(A)
S0
a . |=RA) g RMA)
BYA) |- RNA)

Hence the paper defines the following positive diagonal matrix D with diagonal entries
1 ifiel,
D, = / —
d ifiels.

where d >1 is such that

A A
|a |—R (A) RMA) -
ppep 12 -1 -1
RX—A>dm ,pES; dm >Q—M,q€5.
L (A) a| ~ By (A)
Now, consider tensor B = AD™ " . It is easy to sce that for any ie N,
A A A -1 pA
@)= 3 b ‘: > ‘a.. | ‘:R. A), R'®= Y ‘b_ | ‘Sdm RM(A).
1 ll,z‘“im ZZZ"'lm 1 k2 lZZ"'Zm 1
iy, Al iyt #iied iy, #iiei
lyiy i, €A iyiyeed, €A Gty i, €A
and
— — m—1
P e’ Tagg ag-q "

Thus for pe S, if R*(A)>0, then
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R (B) = R*(B)+ R*(B) < R*(A)+ d"'R"(A)

D
a —RMA) -
< R" (A)+ 22— ( )RA (A)
D A P
R(A)

and if RPX(A) =0, then from the first inequality of (3.1),
R (B) = R*(B)+ R*(B) < R*(A)+ d"'R*(A)
= R;\(A) <a =b

ppp ppp”
For ¢ e S, from the second inequality of (3.1), one has
b, R, B)=d""'a - RqA (B) - Rq’\ (B)>d""a

A m-1pA
99+ qq-++q qq-+-q - Rq (A) - d Rq (A)

=d""(a,  —R'(A))~RA)

R (A) A A
>t (a,  ~RMA))- RMA)=0.
a, |-RMA)

This means that tensor AD™"' is strictly diagonally dominant, and A is generalized strictly
diagonally dominant, hence it is a nonsingular H-tensor by Proposition 2.2.

Theorem 3.2 For irreducible tensor A =(a,, , ), if there exists a partition (5,S) of the index set N

such that
—RQA(A) >0,g€eS,

|am"“1’| a RpA(A) 20,p€s; aquwq : )
(a,.,| = RN (la,,.,| - BRNAN™ = R (A) (R (A)™.
and there exists index p, €5, ¢, € S such that
a |-R*(A)>0,
PPy Py Py
A A 1 A A . (3.3)
( apﬂpﬂ”'pn B Rl’n (A) )a( a’Iu‘lo""In - R‘I() (A)) - > R[)n (A)a (R‘In (A)) -

1
and if ae {O,E} then A is a nonsingular H-tensor.

Proof: From

A a A 1-a A a A 1-a
(a,, |~ B (A)*(a, |- B (A)™ =R (A) (R (A)™
then
A
mwk@m§> R)(A) o
A - A ’
R}(A) a, |-R'(A)
From the first inequality of (3.2), one has
A
O RAC
= >1.
R(A)
1
If ae {O,E} holds, then
A A
(allll“‘P 7_ RZI (A))l—a > aPP"'P 7_ RP <A) a s R(IA (Az )lfa
R (A) R (A) a,.|-R @A)
4 4 qq---q q

SO
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RYA) RNA)

|a | —
pp-p P

R (A)

~RMA)

a
qqq

and

~RMA) RMN(A)
~RMA)

Hence it defines the following positive diagonal matrix D with diagonal entries

1 fics,
DM:{ zfze_

a
PyPy Py

RM(A)

Py

a
909"

d if iel,
where d >1 is such that

a
ppp

- RM(A) RMA —

_ P ( > dm—17p c 57 dm—l > #)77q e S

RM(A) la,,...| ~ BMA)
p q

qq-++q

Now, consider tensor B = AD"™'. The B remains irreducible as D is positively diagonal. It is easy to
see that for any ie N,

A _ _ _ pA A _ m-1 pA
Ri (B) - z ‘bii2<--{m‘ - Z ‘aiiz»»»im‘ - Ri (A)’ Ri (B) - z ‘biiZ---z'm‘ <d Ri (A)’
iy, Eieed R R
iy, €A

lyiy i, €A iyiy i, €A

and

m—1

B oop - ppep? Vg = Qoo
Thus for p, €S, if R (A)>0,then
_ pA A A m-1pA
Rp“ (B) = Rp” (B) + Rp” (B) < an (A)+d Rp“ (A)

A
a -R*(A)
PyPy Py Py

<RMA)+ _ R (A)
0 RA (A) (
By
=a
PyPy Py

and if RpX (A) =0, then from the first inequality of (3.3),
R (B)=R"(B)+R"(B)< R (A)+d"'R"(A)
_ pA
B Rf’u (A) < al’opu"'pn
for 19, if R;\(A) >0, then
R (B) = R*(B)+ R*(B) < R*(A)+ d"'R*(A)
a -RMA) -~
<RMA)+-2 T~ ( )R," (A)
P R;\ (A) »

ppp T ppep

and if RPX(A) =0 then from the first inequality of (3.2),
_ A A A m-1 pA

R (B)=R'(B)+R'(B)< R'(A)+d" R (A)

= R;\ (A) < Cpprop = bpp~

—p

For ¢ e s , from the second inequality of (3.2), one has
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~R (B)=d""a,_ —R"B)-R'B)>d""a

qq-q q q-q q

A m-1pA
~ RM(A) - d""RM(A)

qa9-++q

=dm! (., — RQX(A)) - RqA(A)
ja,..| =R (A)

Thus, AD™" is diagonally dominant with at least one strict inequality. Since AD"" is irreducible,
and also knows that AD™' is generalized diagonally dominant by Proposition 2.3. So A is generalized
diagonally dominant and it is a nonsingular H-tensor.

4  Examples

Example 1 Consider 4 order 4 dimensional tensor A with entries

1 4
allll = a2222 = a3333 = a-1-144 = 2’ a1222 = g’aﬂll = a4111 = a4222 = 1’a2-'144 = g
and all other entries are zeros and S = {173} R 5 = {2,4} , p=1, ¢=2, a= %
For this tensor R (A)= é?Rz<A) = g,Rg (A)=0,R,(A) =2, then it has
R'(A)  RMNA) 1 _3.4
a, = BNA) oy, |-RNA) 4 4 2
3
and
2
A a A l-a A % % % 2}
(a,.,|— 7 (A)(a,. |- B (A) ™ = (|an...1| —R(A)) (|ay,..,| — R, (A)? =2° x 3]
_ _ L 2 1)L 2 1)L
ormr gt () i (1)
then
(a,. . |- R (A)(a,. |- B (A)™ > RMNA)(R(A)™

From Theorem 3.1, it concludes that tensor A is a nonsingular H-tensor.
Example 2 Consider 4 order 4 dimensional tensor A with entries

4 1 1
Ay = Qyppy = Oggaq = Gyyyy = % Gigpy = Z’azm = Oy = gy = Gy = 4

and all other entries are zeros and S = {173} , S= {274} , p=1, ¢=2, a= %

For this tensor R (A) = i’RQ(A) =2,R (A)=0,R (A) =2, then it has
RMA RMA
0< ! ( )X = 2 ( >X = 1 = l < 1’
Cogq| ™ Rq (A) |a22---2| - RQ (A> 4-1 3
and
- 2 _ 121
(.. = B @) (g, | = BIAN = (a,.. [~ RNA) o, - R} (A) =47 %3,
2
AfANe [ PA l-a A % A % 1)3
RY(A) (R} (M) = RN (AP (RNA) =| +
then
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a
qq-q

(o, |- RMA) (o, |- RNA)™ > RMAY (R A)

From Theorem 3.1, the paper concludes that tensor A is a nonsingular H-tensor.

pp-p
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