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Abstract Let X and Y be Banach spaces. Let {2 be an open subset of X. Suppose that f: X — Y
is Fréchet differentiable in £2 and F : X = 2V is set-valued mapping with closed graph. In the
present paper, for solving the generalized equations 0 € f(z) + F(z), an extended cubic method
(ECM) is introduced and studied its convergence analysis. Indeed, we analyze semi-local and local
convergence of the ECM.
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1 Introduction

Let X and Y be Banach spaces and 2 # () be an open subset of X. Let f: X — Y be a Fréchet
differentiable function on 2. Assume that the first and second Fréchet derivatives of f are denoted by
Vf and V2 f respectively. Let F be a set-valued mapping with closed graph acting between Banach space
X and the subsets of Y. In this communication, we are interested to approximate the solution of the
following generalized equation problem

0 € f(z) + F(x). (1)

The inclusion type (1), introduced by Robinson [1,2] as a general tool for describing, analyzing, and
solving different problems in a unified manner, has been studied extensively.
Let us recall that the inclusion (1) is an abstract model for various problems:

e when F = {0}, (1) is an equation.

e when F is the positive orthant in R™, (1) is a system of inequalities.

e when F is the normal cone to a convex and closed set in X, (1) reduces to variational inequalities.
e When F = 09 is the subdifferential of the function

0, ifzeC;
400, otherwise,

ve(z) = {

(1) is reduced to some minimization problems which has been studied by Robinson [3].

To solve (1), Dontchev [4] introduced the following classical Newton-type method, for each £ = 0,1, ...,

0¢€ f(or) + V(xr) (@ — 2x) + F(Tri1),

under the assumptions the set-valued mapping is pseudo-Lipschitz and the Fréchet derivative of f is
Lipschitz on a neighborhood of the solution of (1) and established a quadratic convergence of the method.
In his subsequent paper [5], he proved the uniform convergence of the method. By following Dontchev’s
method, Piétrus [6] obtained a super-linear convergence when the Fréchet derivative of f is Holder
continuous on a neighborhood of the solution of (1) and later he [7] established the uniform convergence
of this method in this mild differentiability context.
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Let x € X. By D(x), we symbolize the subset of X which is defined by
1
D(x) = {d € X:0€ f(a) + Vf(@)d+ 5V (0)d + Flz + d)}.

For finding an approximate solution of (1), the extension of Dontchev’s indigenous work [8] was done by
Geoffroy et al. [9]. Thus, we recall the following cubic method defined by Algorithm 1 which is introduced
in [9]:

Algorithm 1 (The Cubic Method)

Step 1. Select xo € X and put k := 0.

Step 2. If 0 € D(zx), then stop; otherwise, go to Step 3.
Step 3. If 0 ¢ D(zx), choose dy such that di € D(zk).
Step 4. Set xpy1 := xx + di.

Step 5. Replace k by k£ + 1 and go to Step 2.

It is remarked that under some suitable conditions around a solution x* of the generalized equation
(1), the authors [9, Theorem 3.1] proved that there exists a neighborhood 2 of 2* such that, for any point
in £2, there exists a sequence generated by Algorithm 1 which is cubically convergent to the solution z*.
This indicates that the convergence result, established in [9], guarantees the existence of a convergent
sequence. Therefore, for any initial point near to a solution, the sequences generated by Algorithm 1
are not uniquely defined and not every generated sequence is convergent. Hence, in view of numerical
computation, this kind of method is not convenient in practical application. This drawback motivates us
to propose a method ’so-called’ extended cubic method defined by Algorithm 2.

Algorithm 2 (The Extended Cubic Method)

Step 1. Select n € [1,00), zo € X and put k := 0.
Step 2. If 0 € D(=xx), then stop; otherwise, go to Step 3.
Step 3. If 0 ¢ D(xx), choose di such that d, € D(zx) and

ldi|l < n dist (0, D(zk)).

Step 4. Set xrt1 := xk + di.
Step 5. Replace k£ by k + 1 and go to Step 2.

The distinction between Algorithms 1 and 2 is that Algorithm 2 generates at least one sequence and
every generated sequence is convergent but this does not happen for Algorithm 1. Since the sequences
generated by Algorithm 1 are not uniquely defined, in comparison with Algorithms 1 and 2, we can infer
that Algorithm 2 is more precise than Algorithm 1 in numerical computation.

Tt is also remarked that if we replace the set D(x) by

D(z) == {d €X:0€ f(z) +Vf(x)d+]—‘(1:+d)},

the Algorithm 2 introduced in the present paper will be the same with the Algorithm given in [10]. There
have a lot of fruitful works on semilocal analysis for solving (1); see for example [11,12,13,14,15,16].
Rashid et al. [10] established semilocal convergence analysis for solving the generalized equation
problem (1), which was the extension of Dontchev’s work in [4]. Rashid [17] introduced a variant of
Newton-type Method for solving (1) and obtained its semilocal and local convergence results. The same
author [18] associated extended Newton-type method for solving a variational inclusion of the form

0 € f(z) +g(x) + F(x),
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where g : X — Y admits first order divided difference and established its semilocal and local convergence
results for solving (1). As far we know, there doesn’t have any other study on semilocal analysis for the
Algorithm 1.

The aim of this study is to analyze the semilocal convergence for the extended cubic method defined by
Algorithm 2. More clearly, when V2 f is continuous and the set-valued mapping (f + F)~! is Lipschitz-like,
the sequence generated by Algorithm 2 converges quadratically to the solution of (1) where as the sequence
generated by Algorithm 2 converges cubically to the solution of (1) if V2f is Lipschitz continuous and
the set-valued mapping (f + F)~! is Lipschitz-like.

The main results are the convergence criteria, established in Sect.3, which, based on the information
around the initial point, provides some sufficient conditions ensuring the convergence to a solution of any
sequence generated by Algorithm 2. As a consequence, local convergence results for the cubic method are
obtained.

This paper is organized as follows: In Section 2, we recall some necessary notations, notions and some
preliminary results. In Section 3, we consider the extended cubic method for solving the generalized
equation as well as using the concept of Lipchitz-like mappings, we establish existence results of solutions
of the generalized equation and convergence results of the extended cubic method. In the last section, we
give a summary of the major results presented in this paper.

2 Definitions and Preliminary Results

Assume that X and Y are two real or complex Banach spaces. Let z € X and B(z,r) = {y: |ly — | < r}
denote the closed ball centered at 2 with radius » > 0. Let I': X = 2Y be a set-valued mapping. The
domain of I', denoted by dom I', is defined by

domI':={x € X : I'(x) # 0}.
The inverse and the graph of I', denoted by I'"! and gph I” respectively, are defined by
I''(y)={zeX:yel(z)} foreachyeY

and
gphI':={(z,y) e X xY :y € I'(x)}.

Let B C X. The distance from a point z € X to a set B is defined by
dist(z, B) := inf ||z — b,
beB
and the excess from the set A to the set B C X is defined by

e(B, A) = sup{dist(z, A)}.
r€B

The notions of pseudo-Lipschitz and Lipchitz-like set-valued mappings are due to [10]. Aubin [19,20]
introduced these notions and studied extensively.

Definition 1. Let G : Y = 2% be a set-valued mapping and let (ij, ) € gphG. Let rz > 0, ry > 0 and
M > 0. Then the mapping G is said to be

(a) Lipchitz-like on B(y,ry) relative to B(Z,rz) with constant M if the following inequality holds:
G(G(yl) N B(i‘7 Tf)) G(y?)) S M”yl - y?H fOT any yi, Y2 S B(ga Tg).

(b) pseudo-Lipschitz around (y,T) if there exist constants a > 0, b > 0 and M' > 0 such that G is
Lipchitz-like on B(y,b) relative to B(Z, a) with constant M.

The following lemma has taken from [10]. This lemma employs a vital role for proving the convergence
analysis.
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Lemma 1. Let G : Y = 2% be a set-valued mapping and let (y,%) € gph G. Assume that G is Lipschitz-
like on B(y,ry) relative to B(Z,rz) with constant M. Then

dist(x, G(y)) < Mdist(y, G~ (z))

holds for every x € B(Z,rz) and y € B(, %) satisfying dist(y, G~ (x)) < %
We would like to finish this section with the following lemma that is known in [21].

Lemma 2. Let & : X = 2% be a set-valued mapping. Let & € X, ¢ >0 and 0 < r < 1 be such that
dist(z, P(z)) < c(1 —7); (2)

and
e( (1) N B(F, ), B(32)) < rllws —22l]  for any 31,72 € B(F, ). (3)

Then @ has a fized point in B(Z,c), that is, there exists x € B(z,c) such that x € (x). Moreover, if
b is single-valued, then the fized point of @ in B(Z,c) is unique.

3 Convergence Analysis of Extended Cubic Method

This section is devoted to prove the existence and convergence of the sequences generated by the extended
cubic method defined by Algorithm 2. To this end, let x € X and let us define the mapping T, by

To(-) = f(2) + Vf(2)(- —2) + %sz(iv)( —2)* + F().
Then for the construction of D(z), we have that
D(x):{deX:OeTx(x—kd)}:{deX:x—s—deTz_l(O)}. (4)
Moreover, for any v € X and y € Y, the inclusions
ve T, (y)and y € f(z) + Vf(x)(v—2)+ %VQf(x)(v —2)? + F(v). (5)
are equivalent. In particular,
zeT;'(y) foreach (z,7) € gph (f + F). (6)

The following result is due to [22]. This result establishes the equivalence relation between (f + F)~! and
T

Lemma 3. Let f : X — Y be a function and let (Z,y) € gph (f+F). Assume that f is twice differentiable
in an open neighborhood {2 of  and that its second-order derivative is continuous at T. Then the following
are equivalent:

(i) The mapping (f + F)~1 is pseudo-Lipschitz at (i, Z);
(ii) The mapping Ty *(-) is pseudo-Lipschitz at (y,).

Let rz > 0, r5 > 0 and (Z,y) € gph (f + F). Then, the closed graph property of the set-valued
mapping f + F implies that f + F is continuous at Z for g, that is,

lim dist (7, f(z) + F(z)) = 0. (7)

r—T

Assume that B(z,7z) C {2 N dom F. Moreover, by Lemma 3 we assume that the mapping T, Lis
Lipschitz-like on B(y, ry) relative to B(Z,rz) with constant M, that is,

e(T5 (y1) NB(@,73), T5 ' (y2)) < Mllyr = y2]l ¥ 91, y2 € B(,75)- (8)
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Let € > 0 and set

o 13, rz(2 —B5Me)
o= minfry — ey, S ©)
Then
a>0if and only if € < min{ dry —2 } (10)
Y 13r:2" 5MJ°

The following lemma plays a principal role for convergence analysis of the extended cubic method. The
proof is a refinement of the one for [10, Lemma 3.1].

Lemma 4. Let T; ' be a Lipschitz-like mapping on B(y,r;) relative to B(z,rz) with constant M. Let

x € B(z, ). Assume that Vf and V2f are continuous at T on B(z, %) with the same constant € defined

by (10). Let o be defined in (9) so that (10) is satisfied. Then the mapping T, is Lipschitz-like on B(y, «)
M

relative to B(z, %) with constant I EMe ie.

o(T; ! (1) NB(&, 5 ). I5 (t2) < lt = 2]l for every 1, tz € B(,a).

SM
2 —-5Me
Proof. Since « is defined in (9) so that (10) is satisfied, then it is clear that o > 0. Now let

t1, ts € B(j,a) and o € T '(t) NB(z, %z). (11)

To complete the proof, it is sufficient to show that there exists u” € T, !(¢2) such that
5M
/ _ " < o t _ t .
W < 523l — ol

To finish this, we need to verify that there exists a sequence {xy} C B(Z,rz) such that

[Ju

to € f(x) + V(@) (zr—1 —2) + V(@) (xp —zp_1) + %VQf(:r)(xk,l —x)?

%vgf(@((xk ~ ) e = 2) + F ) (12)
wd el < i -l )

hold for each k = 2,3,4,.... We proceed by induction on k. Write
1 _ _ _
a; :=t; — f(z) = Vf(z)(a' —x)— §V2f(m)(m’ —2)% + f(2) + Vf(z)(a' — 2)
+%V2f(j)(x’ —7)* foreachi=1,2. (14)

Note by (11) that
o —a'|| < llz = 2| + |2 — || < rz. (15)

Furthermore, we have, for (14), that
las — 51 < s = 5l + 17@") — £(2) ~ V@)@~ 2) ~ 5V @) ~ 2] + 1) - £@)
V@) -7 - V@6 7)) (16)

Since Vf and V2f are continuous at Z with the same constant € > 0, we have that
1
1f(x) = f(2) = V(@) (@ - 2)| = | /O [Vf(@ +t(x —2)) = Vf(@)|(x — z)dt|
1
< / IVf(Z+t(z — z)) = Vf(@)ll[le — z||dt
0

1
<clo—al [ di=clo-al,
0
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and
[f(z) = f(z) = V[(@)(z —2) - %VQf(:f)(w - z)?|
1
= H/O [Vf(Z+tx— ) = V() — V(@)@ + tx — &) — )](z — z)dt]|
S/O IVf(Z +t(x — 7)) = V() = V2 f(2) (T + t(x — 7) = T)|| ||« — Z||dt

1
§5||:v—5r||2/ dt = eljx — z|.
0

13
Then from (16), using the relations in (11), (15) and the relation 7 < 5 — ZWCEQ by (9), we have that

2
r-
lai — gl < a+e(lla’ —z)|* +||]2" = Z||*) <7 +e(rz? + -)
5 2
= o+ ZET@ S ’/‘g.

That is a; € B(y, ) for each i = 1,2. Define 1 := u’. Then z; € T}, '(¢;) by (11) and it follows from (5)
that

b € f(a) + V@) - 2) + 5V ) - ) + Fla)

This can be written in another form as follows:
b+ F@) + V@) - D) + 5 V@)~ 2 € (@) + V@) - o) + 5 V) - 2)?
FF(@) + £(@) + V@)~ 3) + 5V @) o~ 7).
This, by the definition of a1, implies that
a1 € F(@) + V@)~ 3) + +5 VI @)1 — 7 + Fo).
Hence z; € T; *(a1) by (5). This together with (11) implies that
T € T{l(al) NB(z,rz).

By the assumed Lipschitz-like property of T; ' and noting that ay, az € B(y,r5), it follows from (8) that
there exists xo € Ty 1(az) such that

|22 = 21| < Mlar — a2 = M[tx — t2|| < %Htl —to.
Moreover, by the construction of £ and noting 1 = 1/, we have
2y € Ty Hag) = Ty ' (ta — f(2) = Vf(2) (21 — ) — %VQf(w)(fﬁl —x)?
@)+ V@) @ - 7)+ 5 V@) - 7)),
which, together with (5), implies that
to € f(z) + Vf(z)(x1 —2) + Vf(Z)(x2 — 21) + %V2f(x)(x1 —x)?
+%V2f(£) (w2 = 2 = (@1 = 8)?) + F(z2).

This shows that (12) and (13) hold with generated points 1, x2.
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Assume that x1, z9, ..., 2, are obtained so that (12) and (13) hold for &k = 2,3,...,n. We need to
construct x4 such that (12) and (13) are also true for k¥ = n + 1. For this purpose, set

af =ty = [(@) = V@) Enrior — ) — 3V @) @nis — ) + (@)
+V (@) (2ptio1 — T) + %VQf(i)(anﬂ-_l —z)*> foreachi=0,1.
Then, for i = 0,1, we obtain that

la — af]

= (V) = TF@)n — n2) + 5 VS @) (20— 2)° ~ (0~ 2)?)
— V@) (= 2 = (s — 2]

= [(V4() = V@) — 1) + 5V @) (o — a1 + 201 = 2)?
~(@nt = ) = 3VRF@ (0 = Bnot + 2o = 5 = (w01~ 3)P)]

<IVI@) = VI@zn = znall + %IIVQf(ﬂf) = V2 f@lllwn = wnsl?
HIV2f (@) (@n1 — &) = V2 f(@) (@01 — D)2 — 2]

For all z € B(z, %),  — Vf(z), 2 = V2f(z) and 2 — V?f(x)(z — &) are continuous at Z, thus we have
that

1
Hag —af|| <ellzn =zl + 55”%1 - $n71H2 +ellllzn — 2ol
1
= 5(2Hxn — Tyl + §Hxn - xn—1||2)

1
<e(2llzn — || + §Hacn — &p—1||), if the ball

B(z, %_C) is sufficiently small
)
= §EHwn — Tp_1]|- (17)

Since ||z — 7| < % by (11) and |[t; — t2|| < 2a by (11), it follows from (13) that

n
lwn — 2 < Ny — x5l + a1 — 2|

=2
S5MeNi—2 rz 5Ma Tz
<5M0(Z( D) ) ?S 5M€+?
j= 1-—
2
10M« Tz
2—5Me 2
7“5(2 — 5M€)
B h < = 7
y (9), we have a < 500 and so
|2n — Z|| < 75 (18)
Therefore, we obtain that
_ _ 3
lzn =2l < llen — 2] + |2 — 2l < 5ra. (19)
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Furthermore, using (11) and (19), one has that, for each ¢ = 0, 1,
o ) 1
lai = gll < lt: =yl + If (@ns+iz1) = f(2) = V(@) (@npio1 — @) — §V2f(x)(xn+z'—1 —x)?|
_ _ 1 _ _
Hf@nyicr) = F(2) = V@) (@npir = ) = 5V (@) (@ngia = )

_ 9
<ate(lenyion =@l + |z = 7)) < ate((rs” +737)

+13€ 2
=a+ —erz”.
4 xT

It follows, from the definition of « in (9), that a}' € B(y,ry) for each ¢ = 0, 1. Since assumption (12) holds
for k = n, we have

ta € f(z) + V(@) (@n-1 — 2) + VI(Z)(xn — 2n1) + %VQf(x)(xn—l —)?

1
+§V2f(f)[($n —1)® = (1 — )" + Flan),
which can be rewritten as

b+ F(E) + VI @) (n 1~ B) + V(@) 1 — ) € F(@) + V() (n s — )
FVF@) i a0) + 5 V@) r — 2 4 SV @) D~ (01— )+ Flaa) + 1(@)
PV @) 01— 3)+ GV @) 1 — 7)

Then by the definition of af}, we have that af € f(z) + Vf(Z)(x, — %) + %VQf(f)(:cn —I)? + F(xp).
This, together with (5) and (18), yields that

z, € Ty H(ad) NB(Z,7z).
Using (8) again, there exists an element x, 1 € 75 '(a}) such that
5M \n—1
79
where the last inequality holds by (17). By the definition of af', we have

" " 5M
s — zall < Milag — afll < 22— tall (20)
1
Tt € T; ' (a}) = T (12— f (@) = V(@) (@0 —2) = V2 (@) (@0 — 2)°
_ _ 1 _ _
+£(@) + V@) @0 — 7) + 5 V@) 00— 5)?),
which, together with (5), implies that
1
t € f(z) + V(@) (@n = 2) + V(@) (@ni1 = 2n) + 5V (@) (20 — 7)°
1 _ _ _
+5 V@) ((@ns1 = 8 = (w0 — 7)) + Flons).
This, together with (20), completes the induction step and ensure the existence of a sequence {z,}

satisfying (12) and (13).

3

Since < 1, we see from (13) that {z)} is a Cauchy sequence and hence it is convergent, say

to z”, that is 2" := limy_, o xx. Note that F has closed graph. Then, taking limit in (12), we get
1
to € f(z) + Vf(z)(@" —x)+ §V2f(m)(m” —z)? + F(2") and so z” € T, '(t2). Moreover,

= " 5M 5M k-2
/ " . .
o’ — ol < limsup Y- oy —wxa| < lim D 25l — tall (Z)
k=2 k=2
5M

= —— |t] — tol|.
2—5M5H1 2|
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This completes the proof of the Lemma 4. O

Before going to demonstrate our main results, we define, for each € X, the mapping J, : X — Y by
_ _ 1 _ _ 1
To() i = f(@) + VI@)( = 2) + 5V (@) ( = 2)° = () = VI(@)( —2) = 5V f(@)(- — 2)°
and the set-valued mapping @,: X = 2% by
D,(-) = T3 [ (). (21)
Then, for any 2/, " € X, we have that
_ 1 _ _ _
1aa') = Jo(@) = I(VF@) = V@)@ —a") + 5V (@) (@ = 8 - (" - 2)?)
1
—5 V@)@ —2)" = (@ —2)?)]

= (V@) - V@)@ ")+ 5V @ (@~ a2~ (@~ 7))

—5 V@)@~ 2 — P~ @ )|

< IVf(@) = Vi@)l2" - 2" + %Hv?f(:z) = V2 f(@)llfla”" — 2"
HIV2f(@) (2" - 7) = V2 f(2)(a" - 2)||[l2" - "] (22)

3.1 Quadratic Convergence

This subsection is devoted to study the quadratic convergence of the sequence generated by Algorithm 2
for solving (1) when V2f is continuous. Thus, the first main theorem of this study, which gives some
sufficient conditions confirming the convergence of the extended cubic method with starting point z,
read as follows:

Theorem 1. Suppose that n > 1 and that T, ' is Lipschitz-like on B(7, ry) relative to B(Z,rz) with
constant M. Let V2 f be continuous on B(Z, %) with constant e and let o be defined by (9). Let § > 0 be
such that

Tz « Ty

0 < mi {7 [ A
(2) 6 < min 3¢’ 14¢’

. 1}; (b) 5M (1 + 10n8)e < 2 and (c) ||g]| < £6°.

Suppose that f + F is continuous at T fory, i.e. (7) holds. Then there exists some 6 > 0 such that any
sequence {x,} generated by Algorithm 2 with starting point in B(Z,0) converges quadratically to a solution

x* of (1).

Proof. Let
50nMeé
ti= ———. 2
2—5Me (23)
Then by assumption (b), we obtain that
t<1. (24)

Since f + F is continuous at Z for g, by assumption (c), we can choose 4 be such that 0 < 6 < d and
dist (0, f(x0) + F(z0)) < e6%  for each ¢ € B(Z, ). (25)

Let zo € B(z, 3) To complete the proof, we will proceed by mathematical induction and show that
Algorithm 2 generates at least one sequence {z,} and any sequence generated by Algorithm 2 satisfies
the following assertions:

|z — Z|| < 20 (26)
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27L
1
and lentr — znll <t — | 9§ (27)
10
for each n =0,1,2,.... Define
25 o )
re =5 Me|xz — Z||* + M||y|| ] for each z € X. (28)

Since n > 1, it follows from assumption (b) that
5M (1 +108)e < 5M (1 + 10nd)e < 2.

This yields
5Me <2 and 50Med < 2. (29)

Thanks to the assumption (c). Combining the second inequality in (29) and assumption (c) we have, from
(28), that

25
Ty < §(5M5(52) <26 for each z € B(Z,24). (30)
Furthermore, since 6 < 1 and 326 < « in assumption (a), we have that

Igll < e6® =eb-0 < (31)

| 2

It is obvious that (26) is true for n = 0. Firstly, we need to show that z; exists and (27) holds for n = 0.
To finish this, we have to prove D(xq) # 0 by applying Lemma 2 to the mapping @ := &@,,,. Let us check

22
that both assumptions (2) and (3) of Lemma 2 hold with ¢ := r;, and r := % By (6), we note that

T € T *(y) NB(z,5). Thus, according to the definition of the excess e and the mapping @, in (21), we
obtain

dist(Z, Ps, (7)) < e(T5 ' () NB(T,0), Pay (7)) < e(T5 " (5) NB(Z,75), T5 ' [Jay (7)) (32)

With the help of continuity property of V2 f, we obtain that

I oae) = 5 = 1(2) + V(@) = 2) + 5V3F(@) @ ~ ) ~ f(z0) ~ V. (w0)(z ~ 20)
~ 5V 0) (& — w)* — g
< 11£(2) = fw0) = ¥ (o) @ = o) — 59 fw)(w = 20)?]

FlIf () = (@) = Vi(@)(x - 7) + %sz@)(w = @) + ]
<e(lle = aoll* + llo — 2[I*) + Izl (33)

We note here that ||z — Z|| < § < 8, 14de < r by assumption (a) and ||g|| < €6 by assumption (c). It
follows from (33) that, for each = € B(z, 20),

1720 () = gll < (lle = woll* + [l — 2]%) + |l < 14e5”

Thus, for each z € B(z,26), (34) implies that J,,(z) € B(y,ry). In particular, let « = Z in (33). Then, we
obtain, from (33), that

1920 (%) = 7l < €|z — ol + [171l.
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and therefore J,,(Z) € B(y,ry). Hence, by (32) and the Lipschitz-like property of T ! we have

dist(Z, @y (7)) < M|§ — Jao (2)]| < Mellxo — 2|1 + M| 7]
22
= <1 - 25) Tz = c(1—7),

which means that the assumption (2) of Lemma 2 is satisfied.

To fulfill assumption (3) of Lemma 2, let 2/, 2" € B(Z, ry,). Then for (30) and assumption (a), we
have that 2/, 2" € B(Z,rz). Furthermore, for (33) we have that Jy,(2'), Jg,(z”) € B(y, ry). This, together
with Lipschitz-like property of T !, implies that

e(¢$0 (xl) n B(if, TI0)7 (*blo (x/l)) < 6(@10 ((,C/) N B(‘/E Ti’)v éain (l‘//))
= (T ' [Joo (@) VB(E,72), T5 [ Jag (27)]) < M|y (2) = Joo (2")]].

Applying (22) and continuous property of V2f, we get that

[ Tao () = Jao ()| < IV f(2) = V f (o) [[[l2" — =" + %IIV2f(5ﬂ) = V2 f(@o)llll2" - «"||?
HIV2f(@) (2" = 7) = V2 f(wo) (2" = zo)[|[la” — 2"

< el — o]l + gella’ — 2| + ella’ — o”|
< (25 + 255) Il — z”].
Combining the above two inequalities we obtain that
(@ (¢) N B(T, ), Puy(27)) < M (26 + 220 ) Ja” = "],
It follows, from (29), that

22
6(@300 (.’I?l) N B(i‘vrwoL@wO (.Z‘N» < ?5 !

— 2" =r|z" —2"|.

B
This shows that the assumption (3) of Lemma 2 is also satisfied. Thus, by applying Lemma 2 we
can deduce the existence of a fixed point #; € B(Z,r,,) such that &; € @,,(Z1), which translates to

0 € f(zo)+ Vf(zo)(21—z0)+ %VQf(xo)(:El —x0)? + F(21) and so D(xg) # 0. Accordingly, we can select
do € D(z0) such that

ldo]l < m dist(0,D(x0)). (35)
Then by Algorithm 2, z1 := x¢ + dy is defined.

Now we are ready to show that (27) also holds for n = 0. Since V2f is continuous on B(z, %) with
constant ¢, we have the following inequality

e> swp [V(x) - V(@)

z€B(z,7E)

Note that assumption (a) ensures o > 0. Therefore assumption (9) is satisfied by (10). The Lipschitz-like
property of Tgl on B(y,ry) relative to B(Z,rz) with constant M implies, through Lemma 4, that the
_5M f h x € B(z, %)
5 rafe oreachz ).
Specifically, for 2o € B(z, ) C B(z, §) C B(z, %) by assumption (a) and the choice of 5, we can say that

mapping T, ! is Lipschitz-like on B(y, a) relative to B(z, %) with constant

T, ! is Lipschitz-like on B(y, a) relative to B(Z, 7“”) with constant . Furthermore, we can obtain,

Zo

for (25) and (31), that

5M
2—5Me

dist (0, Ty, (z0)) = dist(0, f(zo) + F(20)) < €62

<. (36)

w| 2
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As noted earlier that zo € B(Z, %) and 0 € B(y, §) by (31)). This, together with (36), implies that
Lemma 1 is applicable and hence by applying it, we have that

dist(zo, T, (0)) <

M :
~ m dlSt(O, TIQ (xo))

This, together with (4), yields that

dist(0, D(wo)) = dist(zo, T}, (0)) < 2_57]5\346 dist(0, Ty, (0))- (37)

Because of (37), (31) and (23), (35) convert to the following inequality

l[r = 2ol = lldo]l < n dist(0, D(x0))

onM
[ —
— 2—-5Me

1
=t —|o.
This shows that (27) holds for n = 0.
We assume that z1, s, ..., ) are obtained and (26) as well as (27) are true for n =0,1,...,k—1. We
show that there exists 511 such that assertions (26) and (27) hold for n = k. Since (26) and (27) are
true for each n <k —1 and t <1 by (24), we have the following inequality

. 5nMed?
dlSt(O, Two (xo)) S m

k—1 k—1 1 2¢
lzr — 2| < ; dill + [|zo — Z|| < 5;t<10> +4
= 2!
< 6; (10) +68 < 26.

This shows that (26) holds for n = k. Finally, we will show that the assertion (27) holds for n = k. Now
with almost the same argument as we imposed for the case when n = 0, we can prove that D(zy) # 0, that

is, the point @11 exists and T}, ! is Lipschitz-like on B(y, ) relative to B(z, %) with constant

2—-5Me’
Therefore, we have that
. nM_
s = ol = sl < dist(0, D(en)) < 52— dist(0, T, (24))
M .
snM
< 5 M (@w) = flaw—1) = VF(@r-1)(@r — 2-1)
1
=5 V2 (@k1) (ke — 2 )|
-1\ 2
C M e S (1
=2—s5Me" T =9 T hme \ T\ 10
k
1\2
< t<> 5
10
This implies that (27) holds for n = k and therefore the proof is completed. O

Special case, when Z is a solution of (1) i.e. y = 0, Theorem 1 is transformed to the following corollary,
which provides the local convergent result for the extended cubic method.
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Corollary 1. Let T be a solution of (1) and 1 € (1,00). Suppose that T * is pseudo-Lipschitz around
(0,7). Let 8> 0 and suppose that V2 f is continuous on B(z, ) and that f + F is continuous at T for
0, that is, (7) is true for y = 0. Then there exists some 6 > 0 such that any sequence {z,} generated by
Algorithm 2 with starting point in IB%(@,S) converges to a solution x* of (1).

Proof. By our assumption, T !is pseudo-Lipschitz around (0, Z). Then there exist constants rg, 8 and M
such that T ! is Lipschitz-like on B(7, ro) relative to B(z, ) with constant M. Then, for each 0 < r < 3,
one has that

e(T:  (y1) NB(Z,7), T5 ' (y2) < Mllyr — yo|| for any y1,y2 € B(0,70)

i.e. Ty ' is Lipschitz-like on B(0,7q) relative to B(Z,r) with constant M. Let ¢ € (0,1) be such that
2 % 13
Me < £ Then by the continuity of V2f we can choose 7z € (0, 3) such that % <r rg— Zer% > 0 and

ez swp  [[VEf(x) = VAf(2)].

x, m’EB(i,%)

Then

13 #(2—5M
a:min{ro—qer%ir (QOM g)} > 0,

and
rz: a Tg

iny —, —, — 0.
min { 132 135} ”
Thus we can choose 0 < ¢ < 1 such that
. Tz « To
5 < {77 YR 7}
= 47 3¢’ 13¢
and
5M(1 4 10nd)e < 2.

Now it is one’s duty to check that inequalities (a)-(c) of Theorem 1 hold. Thus, we can apply Theorem 1
to complete the proof of the corollary. O

3.2 Cubic Convergence

This subsection is aimed to study the convergence analysis of the extended cubic method. In the following
theorem we show that if V2 f is Lipschitz continuous around z, then the sequence generated by Algorithm
2 is cubically convergent.

Theorem 2. Suppose that T; * is Lipschitz-like on B(y,ry) relative to B(Z,rz) with constant M and that
V2f is Lipschitz continuous on B(Z, %) with Lipschitz constant L. Let n € (1,00) and let

13 (2 —5MLrs) }

o = min {1"17 — —Lr%, Iz 500

1 (38)

Let § > 0 be such that

rz 125r; 125«
< mi =z y =7
(a) 6 <min {55, S22, =22 1},
(b) 5(M +1)L(nd* +1z) < 2,
_ L§?
(© lall < ==

Suppose that f + F is continuous at T for y, i.e. (7) holds. Then there exists some 6 > 0 such that any
sequence {x,} generated by Algorithm 2 with ingtial point in B(Z,d) converges cubically to a solution x*

of (1).
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Proof. According to the continuity of f + F at  for g and assumption (c), we can choose 0 < 5 <6 be
such that 5

dist(0, f(z0) + F(9)) < =~ for each zo € B(7, 5). (39)
Setting

M Lé&?
T S ML,
It follows, from assumption (b), that
v <1 (40)

Let zo € B(z, 3) Analogous proof of Theorem 1, we use mathematical induction to show that Algorithm
2 generates at least one sequence and every sequence {z, } obtained by Algorithm 2 satisfies the following
assertions:

|on — 2| < 26 (41)
1 37’1,
and lldnll < 7<6> 5 (42)
for each n =0,1,2,.... Now, define
25
Ty 1= %(MLH.T—i‘H?’—l—GMHgH) for each z € X. (43)

Because n > 1 and 6 < % by assumption (a), it follows, from assumption (b), that

5(M +1)L6% = (M + 1)L(6% + 46%) < (M + 1)L(6* + 49)
< (M + 1)L(7752 +7rz) < 2

=
This gives
ML&* < 2 and L& < 2 (44)
25 25
Thus, by 185 < 125« in assumption (a) and second inequality in (44), we obtain that
3 2
A P (45)

thanks to assumption (c). Thus, we obtain from (43), together with first inequality in (44) and assumption
(c), that
25 3 3
ro < 5o (8MLS® + MLS*)
%
96
It is clear that o > 0 by assumption (a). Then we have from (38) that

<9ML(53) < 1%6 < 2§ for each z € B(z,29). (46)

a>0=2—-5MLrz >0=5MLrz <2

1
= 20ML§ < 5MLr; <2 = LM§ < . (47)

Note that, for n = 0, (41) is trivial. To show that the point 1 exists and (42) holds for n = 0, it suffices
to prove that D(zg) # (. We will do that by applying Lemma 2 to the mapping @ := @,,. To do this, let

us check that both assumptions (2) and (3) of Lemma 2 hold with ¢ :=r,, and r := % Here, we note

that # € T ' () N B(z, ). Then by the definition of the excess e, we obtain that

dist(z, @y (7)) < e(T; ' (9) NB(Z,6), Py (7))

x

< e(T; 1 (5) NB(Z,72), Ty [0, (7)) (48)

x
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By the Lipschitz continuity property of V2f, we obtain, for each x € B(z,2d) C B(z, %), that

[Tz (2) — gl = £ (Z) + V(@) (x — Z) + §V2f(ff)(fﬂ —2)* = f(z0) = Vf(wo)(z — 0)
1

~ 5 V3 @) — 70)* -

< f (@) = flwo) = V(o) (2 — o) — %sz(xo)(x — o)’
FlIf () = f(2) = V@) (e —2) + %V2f(ff)(w — @) + ]

L _ _
< 5 (e =@l + Jlz = 2]%) + |17l (49)

A Lé3
Because of ||zg — Z|| < 9 <6, 765 < 125r; by assumption (a), ||y]] < 5 by assumption (c) and second

relation in (44), (49) implies that

L _ _ _ L3
oo @) = 1l < 5 (@ = &) + @ = 20) P + | = 2]*) + ==
3
< %((35)3 + (25)3) v % — 6L6°
=6-Ld*- 5§ <ry. (50)

This means that, for each = € B(Z,20), Jy, (z) € B(y, ry). Specifically, putting = z in (49). Then we
have that

2o (®) 71 < £~ zol* + I G1)
< L—ég + L—53 <rg.
-6 6 — 7
Hence, by (51) and the Lipschitz-like property of T ', we have, from (48), that

. o _ _ _ ML, _ . _
dist (%, Pa, (7)) < M|g = Joo (@)l < —=IZ = wol* + M|l

- (1 - 295> Tao = c(1—7),

which shows that the assumption (2) of Lemma 2 is satisfied.

Next, we show that assumption (3) of Lemma 2 is satisfied. To do this, let =/, 2" € B(Z,74,). Then we
have that o/, 2" € B(Z,rs,) C B(z,20) C B(Z,7z) by (46) and J,,(2'), Ju,(2"”) € B(y,ry) by (50). This,
together with the Lipschitz-like property of T, 1 implies that

&(Pay () NB(Z, 7y ), Py (27)) < €(Pa ( ) NBE,75), Pay (7))
= (T ' [Joo (@ )} NB(Z,75), T5 ' [Jay (&)
< M|y (27) = T (2]

Since V2f and V2f(-)(z — ) are Lipschitz continuous on B(z, %) for all z € B(z, %), then Vf is also
Lipschitz continuous on B(z, %) and for simplicity we take the same Lipschitz constant L. Thus, for the
choice of xg, (22) yields that

_ 1 _
1o (@) = Joa (@")]| < IVF(@) = V(o) 2" =2l + 5V2£(2) = V2 F(@o)llla” = "
HIV2 @) - 7) = V2 (o) (@ — wo)lla” — 2|
_ L, _ _
< L)z — wolllle’ = 2" | + 317 = wolllle’ = 2" |* + L] — woll 2’ — 2"
L

< e = I
< (2L+ S 12’ = a"l]) 12 = aol 2’ 2"
< 2L(0 4 6%)||2" — 2|
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It follows, from (47) and first inequality of (44), that

e(Pay (') NB(Z, 7)), Pag (7))

IN

(2M LS 4 2M L6%) ||z’ — 2" ||

IN

9
iz’ =2 = rile’ — a"].

This means that the assumption (3) of Lemma 2 is also satisfied. Thus by Lemma 2, we can deduce
the existence of a fixed point #; € B(Z,r,,) such that #; € &,,(Z1), which translates to 0 € f(zo) +
Vf(xo)(&1 — xo) + %sz(xo)(il — x9)? + F(21) and hence D(zg) # . Consequently, we can choose
do € D(z) such that

[[do]| < dist(0, D(x0))- (52)

Therefore, according to the Algorithm 2, we can say that x; := zg + dp is defined.
Below we show that assertion (42) also holds for n = 0. Since V?f is Lipschitz continuous on B(Z, %)
with Lipschitz constant L, we have, for ', 2" € B(z, %), that

Lre 2 Ll —2"|| = [V? f(2") = V2 (")
> sup  [[VPf(x) = V2f(D)]. (53)

z€B(Z,L)

Since o > 0 by assumption (a), (10) and (53) imply that assumption (9) is satisfied with e := Lrz.
Note by assumption (a) that zq € B(z,0) C B(z,6) C B(Z, % ). Therefore, since T ' is Lipschitz-like on
B(j,7y) relative to B(Z,73), it follows from Lemma 4 that T} ! is Lipschitz-like on B(y, o) relative to

M
B(z, %) with constant %ﬂﬂﬂ"i Moreover, (39) and (45) imply that
. . L3
dist(0, Ty, (x0)) = dist(0, f(zo) + F(z0)) < 5 (54)
«
< —.
-3

It has been mentioned above that xo € B(Z, %) and by (45)) we have that 0 € B(y, §). This, together
with (54), implies that Lemma 1 is applicable and hence by applying it we have that

M
dist(zg, Tp, "1 (0)) < b

~ m dlSt(O, Tzo (.TO)) (55)

Applying (55), we have from (4) that

dist(0, D(zg)) = dist(zo, T, (0))
5M

< ——— di .
S S BMIr dist(0, Ty, (x0)) (56)

Utilizing (56), (54) and then (40) in (52), we obtain that

llz1 — 20| = [|do|| < n dist(0, D(x0))

5nM
~ 2—-5MLrz

5nM L3

. <
dist(0, T, (20)) < 6(2—5MLrz)

This shows that (42) holds for n = 0.
We assume that the points a1, z, ..., ¥ are generated by Algorithm 2, and (41) and (42) are true for
n=0,1,...,k — 1. We show that there exists x4 such that (41) and (42) hold for n = k. Since, for
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each n <k —1, (41) and (42) are true and v < 1 by (40), we have the following inequality
k-1 =
|z — 2] < Z; dill + [|z0 — Z|| < 52;7<6> +9
;—1 1 3¢ )
< 5; <6> +0 <26

This shows that (41) holds for n = k. Finally, we will show that (42) holds for n = k. Now with almost
analogous arguments that we used for the case when n = 0, we can prove that D(zy) # 0 and so by
Algorithm 2 we can choose dj, € D(0,xy) such that

]| < n dist(0, D(xx)),

that is, the point xj41 exists. Moreover, we have that Tm_k1 is Lipschitz-like on B(y, ) relative to B(z, &)

M
with constant 57 Therefore, we have that
2 — 5ML7"i

1 — xxl| = [|di]| < 7 dist(0,D(zy))

5nM . 5SnM .
_ O dist(0, T, — 2T dist(0, F
— 2_5MLT;E 18 ( ’ k(xk)) 2—5ML7’j 18 ( f(xk?)—’_ ('Tk))
snM 1_, 9
< 2_E)wllf(m) = far—1) = Vfzr-1)(zr = 2e-1) = 5V f(2p-1) (2 — 2i-1)"
ML 5nM LS 1Y
n 3 n
— — _ap -z € ——— = 5
S VI LA e M T w-y vy <7<6) )
k
3
<vl=) &
<2()
This implies that (42) holds for n = k and therefore the proof of the theorem is completed. O

In the special case when Z is a solution of (1) (that is y = 0 in Theorem 2), then we have the following
corollary which gives the cubically local convergence result for the extended cubic method. The proof of
this corollary is similar to that we have done for Corollary 1.

Corollary 2. Suppose that n > 1 and that T is a solution of (1) and that T{l is pseudo-Lipschitz around
(0,). Suppose that V2 f is Lipschitz continuous around . Suppose that

lim dist(0, f(z) + F(z)) = 0.

T—T

Then there exists some & > 0 such that any sequence {x,} generated by Algorithm 2 with initial point in
B(z,0) converges cubically to a solution x* of (1).

4 Concluding Remarks

The semilocal and local convergence results for the extended cubic method are established when n > 1
and T, ! is Lipschitz-like as well as V2f is continuous or Lipschitz continuous. The results seem new for
the generalized equation problem (1). Though the results are true for the extended cubic method, this
method is little complicated for the case when 17 = 1. However, from the proofs of the main theorems, one
sees that all results obtained in the present paper remain true provided the following implication holds
for each z € X:
D(z) # ) = 3d € D(x) such that ||d|| = min |d]|.
deD(x)

To see the detail proof of the above implication, one can refer to [10].
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