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A New Solution to the Heat Equation in One-Dimension
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Abstract Recall from [1] the Green’s function is a solution to the following initial value problem
ug(z,t) — kugs(z,t) =0

u(z,0) = 0(x)

where ¢ is the Dirac Delta function, (x,t) € R x (0, 00). In the present paper, inspired by the T'— X
family of distributions [2] and the following fundamental solution

1 z?
U(x,t) = \/Mexp ( — m)

we present a new solution to the above intitial value problem.
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1 Introduction

The T— X (W) Family of Distributions family of distributions is a generalization of the the beta-generated
family of distributions first proposed by Eugene et.al [3]. In particular, let (¢) be the PDF of the random
variable T' € [a,b], —00 < a < b < o0, and let W(F(z)) be a monotonic and absolutely continuous
function of the CDF F(z) of any random variable X. The CDF of a new family of distributions defined
by Alzaatreh et.al [2] is given by

W(F(x))
G(z) = / r(t)dt = R{W(F(x))}
a
where R(-) is the CDF of the random variable T" and a > 0
Remark 1 The PDF of the T-X(W) family of distributions is obtained by differentiating the CDF above

Remark 2 When we set W(F(x)) := —In(1—F(z)), then we use the term “T-X Family of Distributions”
to describe all sub-classes of the T-X(W) family of distributions induced by the weight function W (zx) =
—In(1 — x). A description of different weight functions that are appropirate given the support of the
random variable T is discussed in [2]

A plethora of results studying properties and application of the T-X(W) family of distributions have
appeared in the literature, and the research papers, assuming open access, can be easily obtained on the
web via common search engines, like Google, etc.

Generalizations of the normal distribution [4] have been shown to be solutions of partial differential
equations of mathematical physics, see [5,7], for example, and some of these partial differential equa-
tions are derivable via partial difference equations arising from random walks problems, by going in the
continuum limit, and for example, see [6].

This paper is organized as follows. In the next section we present the new solution and show it
graphically[see, fig 1 in appendix]. The final section is devoted to the conclusions, in which we leave the
reader with a conjecture.
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2 Main Result

First define )

r o1 r
B(x,1) = ~ g
(2,7) /O \/me"p( 4k;t) "

and notice that we have, the following explicit representation

B(z,t) = %Erfc {_25%]

where Erfc[z] :=1 - 2% [~ e~ dt. Further observe that

T
dP(x,t) 1 x?
=y = _
d (2,1) = —7—==exp ( 4kt>

With k,¢ > 0, one can check that

/oo (o, t)de = 1

— 00

Thus, with k,t > 0, ¥(z,t) is a probability density function. Now we introduce the following

Definition 1 A random variable X will be called Green-X distributed if the CDF admits the following
integral representation
—log(1-F(z)) m2
J(z,1) ::/ xp( )dm
0

e -
Varkt 4kt
where with k,t > 0 and the random variable X has CDF F(x)

From the above definition the following is immediate
Theorem 1 The CDF of the Green-X family of distributions is given by

—log[l — F(x)]
2kt

where Erfclz] :==1— % foz e=t’dt, with k,t > 0, and the random variable X has CDF F(z)

J(z,t) = %Erfc [—

Theorem 2 The PDF of the Green-Standard Exponential distribution is a solution to the initial value
problem
jt(xat) - k]m:c(xvt) =0

J(x,0) = 6(x)
Proof. One can show that the PDF of the Green-Standard Exponential distribution is given by

2
Log[efm]

e ikt

VN

and thus it is easy to verify for any k£ > 0

Ji(x,t) — kjze(x,t) =0

/OO j(x,0)dx =1

—0o0

Moreover, since

It is clear that j(x,0) behaves like the Dirac Delta function, hence the initial condition.
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3 Concluding Remarks

In this paper we have shown the following conjecture below is true when n =1

Conjecture 1
n

Z(x17x27' o 7‘,En717xn7t) = H](.’L'“t)
where

. e
](xiat) =

2y/mVkt

is a solution to the the following initial value problem
Zt(l'17$2, o ,l’n,t) = k[ZzliEl (ZE1,$2, o 7x’ﬂat)+' : '+Zzn—11n—1 (1'1,1’2, o axnvt)+ZIn—1zn—1(x17 T2, T, t)]

Z(x17"' axnao) :5*(1'1,1'2,"' axn)

where §* is the n-dimensional Dirac Delta function
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Appendix
B Log[e_z]2
Figure 1. The Frontal View of the PDF of j(z,t) = ?‘% where k=1, - 4<z<4,and 0<t <4
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