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Abstract. The novel sufficient conditions for nonlinear systems without and with time-delay, whose
initial state are zero or not, are studied using the A-norm, Zhang-gradient method and retarded
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1 Introduction

Tterative learning control methodology, which is proposed by Arimoto et al. in 1984 (See[1]), is to utilize
the previous control information of the studied systems. The repetitive behavior has been a major
research area and a hot issue in recent years (See[2-15]).

Recently, Zhang-gradient method has shown their powerful performance in solving online time-
varying control problem (See[16-20]). The Zhang-gradient method is based on an indefinite error-
monitoring function (See[20]), but the gradient dynamics method is usually designed from a norm or
square-based energy function.

Stabilization problem of control systems has received some research results and have been reported in
the literature[3,11,13,15,21-29]. However, only a few results combining with the iterative learning control
items and Zhang-gradient method are available for nonlinear systems. In this paper, under the case that
the initial state yu(0)=111(0) or yx(0)#y1(0), the iterative learning controller of nonlinear systems is
designed by using Zhang-gradient method and A-norm.

2 Preliminaries

. %
b=(3%]
Throughout this paper, i=1

the A-norm for the z(¢) function is defined as "x(t)”l = sup {e’“ "x(t)”} , where A>0.

tdo,7

is said to be the 2-norm for the vector 2=(z1,2,..,2,)7, while

tdo,7

Lemma. [10,30] Consider sup}{e”j"m(t)" dr} < %"I(t)”l .
0

3 Design of Iterative Learning Controller of Nonlinear Systems

In this section, we will take account of two cases about the iterative initial state vector y.1(0)=y(0)

and 4.1(0)#y(0), respectively, of nonlinear systems without and with time delay.
Theorem 1. Consider iterative learning control on the system

g, (8) = £ (ty, (1) + 4, (2) 2)

where yi(f)e R" is the kth iterative state vector, f(t,yx(t)) is the nonlinear operator [0,T]xR"—>R", and
satisfies

[y () =A< Uy [ (8) =l D) (3)
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up(t) is the k-th iterative control input, T is a constant.
When yi..1(0)=yi(0), the iterative learning controller is designed as

u,,, (8) = u, (8) + mn(e, (1)) (4)
When 441(0)#yx(0), the iterative learning controller is designed as
4y, () = u, (&) + mh(e, (D) + v, (D(y,,, (0)—y, (0) (5)

where ei(t)=ya(t)—yi(t) is Zhang function (i.e., error function), y«(¢) is a desired output, h(ek (t)) is a

t
monotonically increasing odd function, m<0 is a constant, and J‘V/k.h (s)ds=1.
0
Besides, according to Zhang-gradient method (See [31,32]), the formula can be used

€, () = —yh(ek (t)), 1>0 (6)
If there exist a constant A>0 such that
l
|/1+m|+_r. [ml <1 7)
y7, u A- lf

then the system (2) can guarantee that ||y.(t)—yi(t)|| is bounded and yi(t) can track yq(t) on te[0,7], i.e.
lim y, (¢) =y, (¢)-
Proof. From ey(t)=ya(t)—yi(t), we know that ep.i(t)=ex(t)+yu(t)—yr(t). So
ba (=60 +9, () =9, (1)
According to (2), (3) and (6), we have

~uh (e, (1)) =~ (e, (D) + £ (1.9, (D) +, (1) = £ (19, (0)) =, 1)
e O0) (e, 0)+ [ (e, 0) 10, )]
(e m)n(e, (D) +] £ (ty, D)= £ty )]

n(e,, (1)) = ﬂ+m)h( +%[ ty,,, (D)= f(ty, (t))]

e () sMwekm)Ji
H H
Taking A-norm, we have
e, ), <, )+

From iterative law (4), (5) and Lemma,

0 (0,0 = [ (5, (2) 3, i + 3, 0) -y, 0)

Y (t) —Y (t)"

y,Hl (t) - Y, (t)" (8)

o'—.u S

(
(£(tw, D)= £ (ty, (t)))dt+j( () —u, (1)) dt +(y, (0) —y,, (0)
(f TR z’) t Yy (T)))dl’ + jmh(ek (T))dT

Yy (¢) - Y, (t)" < jlf Vi (r)- Y, (T)" dr + j.lml “h(ek (z’))“dr

ey =, O, + 2,

v, (-3, ()], <

Yyt (t) ~Y (t)") < Alilllf “h & (t) “/1 (9)

l

where 4 > I
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From (8) and (9),

SMHh(e (1) +li~@“h e

Hh (ek“ (t)) 2

ya

['Wn' In ]uh (),

7

(10)

When the condition (7) is true, lim Hh (t) “ =0. That h(ek (t)) is a monotonically increasing odd
function implies hm

Theorem 2. Con31der the following bystem
g, (1) = £ty )+ g(ty, (t =)+, (1) (11)

where y(t)e R" is the k-th iterative state vector, f(t,yx(t)), g(t,u(t—7)) are the operator [0, T|xR"—>R", and
satisfy

(t" =0, ie. lim|e

k—>+o0

A9 (D)= ()< U9 ()= (D) (12)

[19(t,901(8=2)) =g (£, yu( =) )|l [ yrr (=)= (=) | (13)

ux(t) is the k-th iterative control input, 7>0 is time delay, and T is a constant. When ..1(0)=u(0), the
iterative learning controller is designed as (4). When .1(0)#y(0), the iterative learning controller is
designed as (5). The Zhang gradient design formula can be used as (6). The other conditions are the
same with Theorem 1. If there exist a constant >0 and a continuous function ¢(#)#0, t€[0, 7], such that

) -

tm] 4 d ml ol ﬁjd "
7] y7, A ﬂ A (D(t)

then the system (10) can guarantee that ||ya(t)—yi(t)|| is bounded and y(t) can track yq(t) on te[0,7], i.e

Ny, (¢) =y, (¢)-

Proof. From ey(t)=ya(t)~yi(t), we know that ey 1(f)=ei(t)+yi(t)—yir(t), so é_, (¢) = é, (¢)+ v, (¢) - . (¢),

that is

z+1 | | l+l(tr

~pn (e, (D)) = —un(e, (1)) + £ (£, (D) + g(t.y, (t = 7)) + 0, (1)
o O)sft0, ), 0
e ) ) [0 ) 0, 0]
gty (t-2))-g(ty,, (t-0))]
(e m)n(e, () +] £ (1w, D)= £ (g, )]
[ty (1=0) = gty (= 2)]
n(e,., (1)) = @h(ek () + %[f(t,ym (1)~ £ (ty, (1)) ]

+%[g (z;yk+1 (t - r)) -g (tyk (t — z’))}

(t))H < @”h (e, (t))” + %"yk1 (1) —y, ()]
3 |
Tu

“h(e

k+1

Y (t - T) - Y, (t - T)"
Taking A-norm, we have

e, ), < o)+

l
i

Y (t) yk ” P yk+1 ( - T) ~Y (t N T)"A (15)
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Y () - Y, (z’))dr + (yk (0) - Y (0))
i (2) =3, (2)ir

Yin (t) ~Y (t)

Il
—_— o'—,\

)
t

f\ty,. 1(r) tyk(r)))dr+j(u (7)- (A (T))
)))ds

fty“(r tyk ))dr+j )

0

+

(s
(1
(7
(95,90, 5= ) = g (5.9, s -
(
(o

+ gsykﬂ(s T) (s yk(s T)))

|
I
|
!

”yk )=y (t)" J“f 5Y,, 1 f(s,yk_ (s))”ds + ilml“h(ek (5))Hd5

+_[ ”g 5 ¥ (s - T)) -9 (S,yk (s T))Hds

t
slf£

+lgj||yzv+1 (s—7)- Y, (s T)" ds
0

Yy (s)— Y, (S)" ds + jlml “h(ek (s))” ds

Utilizing the retarded Gronwall-like inequality [15,33]and Lemma, we obtain

o (0=, O] < el e, ()] s

(lj+lq)t
o ()=, ()], < 'm' Jn(c. ()

v

b (=)=, 6=, <l ) )

From (15)-(17), we obtain
ol 0 < Bz e o[ S ),

k41 P P
It is easy to know that the solution of the equation zy1(t)=am(t)+ fu(t-7) is

o (1) = C(p(t)[a v <";t (;)T)J (19)

where ¢, f are given constants, ¢ is an arbitrary constant, ¢(t) is an arbitrary function and satisfies that
w(t - T)
(p(t)

From (19) and the condition (14), ;}EEQ “h(e}C (15))“/1 =0. That h(ek (t)) is a monotonically increasing
€, (zf)"i =0, 1ie. klirﬂo "ek (t)" =0.

is a constant.

odd function implies lim
k—>+0

4 Example

For further illustration, we consider the following system
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g, (1) = Ay, () - Bf(yk (t- r)) +u, (1),
1 01,60, (0=, (03, 0y, O)

Gcost  0.02 . (t)
A:[O(scos 0.0 ]732[05 005}%(]5): '\

where

0.1  08sint 0 y,, (1)
g, (=1 +1 =y, (-1 1)
f(yk (t—r)) - W, (t—l)-i—l‘— - (t—l)—l‘

zeos(zt), tel0]]
0, te(1,2
example, it can be easily proved that the condition (13) of Theorem 2 is satisfied.

Taking m=-1.5, u=2, I=143, 1=2, @()=0.2¢*, y,, (t):{ From the above

5 Conclusion

In this paper, considering the iterative learning control problem for nonlinear systems without and with
time delays, and combining with Zhang-gradient method, the novel controllers, which can guarantee the
robust convergence of the tracking error, are designed.
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