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Abstract. The wave function expansion and addition theorem are used in the solution of dynamic
stress concentration factor around a cylinder with an eccentric inclusion at nano-scale. Stresses satisfy
the Young-Laplace equations and displacements are continuous on the surface. For incident waves with
different frequencies, surface effects, softer/hard inclusion and core eccentricity on the dynamic stress
concentration factor are discussed. The incident wave frequency, surface effects, softer /hard inclusion
and core eccentricity have significant effects on the dynamic on the dynamic stress concentration factor
as the radius of the inclusion shrinks to the nanoscale.
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1 Introduction

The problem of normally incident plane wave scattered by an eccentric metallic cylinder coated with a
dielectric cylindrical layer was solved, and several authors have presented studies on the scattered
electromagnetic fields from eccentric cylindrical structures. For example, Hasheminejad and Kazemirad 3
investigated exact solution for a harmonic plane acoustic wave with a circular cylinder which is
eccentrically coated by another material. Mushref # found a solution for the problem of two infinite axial
slots in a thin circular cylinder enclosed by an eccentric dielectric material. Simao and Guimaraes °
analyzed the resonant scattering of light by a dielectric cylinder with an eccentric cylindrical metallic
inclusion. Roumeliotis and Fikioris ¢ analyzed the cutoff wavenumbers and the field of surface wave modes
of a circular cylindrical conductor eccentrically coated by a dielectric. Pattanayak ©  studied the effect of
axially uniform eccentricity on the modal structures and velocitie in circular tubes or pipes. Mushref 3
realized closed series solution to scattering by an eccentric coated cylinder in matrix form. Yousif and
Elsherbeni ° analyzed the scattering of electromagnetic plane waves from a multi-eccentric cylinder at
oblique incidence. Weber and Zastrau ' derived the scattering behaviour of a single multi-layered inclusion
in a homogeneousisotropic matrix under the influence of non-plane elastic SH waves. Huang et al. ** studied
the scattering of an elastic wave obliquely incident on a multilayered cylinder in a solid. Qin et al. *?
analyzed three kinds of resonant modes of a single layered circular elastic cylinder embedded in the elastic
medium. Hasheminejad and Rajabi '* employed exact treatment based on the inherent background
coefficients that describe the background amplitudes in the scattered field. Shindo and Niwa ** dealed with
the scattering of antiplane shear waves in a metal matrix composite reinforced by fibers with interracial
layers. Li et al.® studied the scattering and dynamic stress concentration in fiber-reinforced composite
with interfaces. Nersisyan and Matevosyan ¢ considered the scattering and transformation of the waves
propagating in magnetized plasma on a heavy stationary charged particle located at a plane
plasma-vacuum boundary. Godoy and Villa !7 derived such exact wave function for a beam of Dirac and
Klein-Gordon particles. Yahya et al. *® discussed the effect of initial stress on the radial vibrations of elastic
hollow cylinder with ro-tation. Volobuev and Petro ' showed that the start of electrons from atom at a
photoeffect is almost spherical symmetric. El-Shorbagy et al. ? discussed the stabilization effect of a strong
HF electric field on beam-plasma instability in a cylindrical warm plasma waveguide.

However, in the aforementioned studies, the effect of the interface stress was not taken into account.
Wang 2! considered the diffraction of P-wave by a nanosized circular hole. Wang # investigated the
multiple diffractions of plane harmonic compressional waves by two nanosized circular cylindrical holes
embedded in an elastic solid. Ru et al. * described the diffraction of elastic waves and the stress
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concentration near a cylindrical nano-inclusion with surface effect. Ou *studied the scattering of plane
compressional and shear waves by a single nano-sized coated fiber embedded in an elastic matrix using the
method of eigenfunction expansion. Ou ¥ investigated the multiple scattering of plane compressional waves
by two cylindrical fibers with interface effects.

In this study, we examined the scattering of an elastic wave by a cylinder with an eccentric inclusion.
The interface stresses at the inner and outer interfaces of the annular-coated layer are considered. Using
the method of wave function expansion and addition theorem, the dynamic elastic fields were derived and
numerically calculated. The dynamic stress concentration factors (DSCF) along the interface were
obtained. The results show that the influence of the interface stresses on the DSCF becomes significant
when the radius of the inclusion is reduced to the nanometer scale.

2 Model Analysis and Formulation

Based on the surface elasticity, we considered the scattering of an elastic wave by a by a cylinder with an
eccentric inclusion, as shown in Fig. 1. Two circles with O;, O, as the center and b, a as the inner and outer
radius, respectively, the distance between the two centers is d. The elastic constants and the densities of
the matrix, coating and inclusion are A9, 49 and p (j=0, 1, 2) respectively, where the superscripts 0, 1,
and 2 indicate the quantities associated with the matrix, coating, and core, respectively.
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Figure 1. Cross section of scattering of incident wave by a cylindrical with an eccentric inclusion.

In the cylindrical coordinate system (r1,6;), the displacement potential of the incident wave can be
written as

0

¢ino (7‘1 7 01) — w{) Z in Jn (0([)7“1 )einBl e—iwt , (1)

n=-00

where ¢ is the amplitude of the incident wave, the superscript inc represents incident wave, «, = a)/ cs))

is the wave number of the matrix, and cg)) = \/(/1<°) +2u" )/p“” is the wave velocity, i is the unit of

imaginary number, ¢ is time, J,(z) is the nth order Bessel function of the first kind.
When it impinges on the coated, the P wave and SV wave are scattered back from the interface (r=a),
and the corresponding displacement potentials of the scattered wave are given by

0 (r.60) =0, 3 A H ()" e ™ (22)
v (n.0) = 9, Y BHY (r)e e (2b)

n=-—o0

where A, and B, are unknown coefficients, the superscript sca represents scattering wave, Hfll) (x) is the

nth order Hankel function of the first kind, A = a)/ ci‘]) is the SV-wave number of the matrix, and

CEO) = / P is the shear wave velocity.

So the total waves in the matrix are determined by the superposition of the incident waves and scattered
waves.
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0" (r.6)= 0" (1.6)+ ¢ (.6). (3a)
" (1,0) = (n.6,). (3b)

The standing compressional and shear waves reverberating inside the dissipative interphase are
described as

o =0, 2 €7, (e + D H @) (1a)

n=-—o0
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.- . . 1 1
where C,, D,, E, and F, are unknown coefficients in coating; and &, = CU/ C(p), B, = 60/ Cij where

1 _ (1) 1) (1) O _ /51
¢ = \/(’1 +2u )/,D and ¢’ =qu /p .
The refracted waves in core can be transformed as
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By Graf’s addition theorem for Bessel functions, the transformation between two local coordinate
systems can be expressed by

Hn (kré )ei"’al = J"l*n (kd)Hnl (k,’i )eiyngl ) (6&)
Jn (krl)emgl = Z JVL—VVL (kd) Jm (‘ICT'?)eim'g2 ) (6b)

Therefore, in the coordinate system (71,6), Eq. (4) can be deduced from Eq. (6) as
( ) (rl’ 01) = (p[) Z |:O J <a " )emgl + DHJW n<ald)Hnj) (a1,ri)eimgl e*i“’t7 (7&)
()(71761) Z |:E"J’I (IB )emg‘ + F;LJ’H[ -n (ﬁ d) m (’B ) " e_iwtﬂ (7b)

In the coordinate system (7,8), Eq. (4) can be written as

o' (r,,6,) = Z { > 00, (ed)] (an)e™ + D H (@)™ o7 (8a)
v0)=0,3 { BT (B (Br)e™ + EH(Br)e™ o (8b)

Furthermore, the relevant displacement components in polar coordinates in terms of compressional and
shear wave potentials are

op 1oy
u = — == 9
" or 1 o6 (%)
10p Oy
U, = ——————, 9b
° ro@ or (9b)
and the corresponding stresses in compound cylinder read
p 10 1 ¢ e 10 1 o’y
o B B B (10a)
or’ 1" or r’ o0 or* r* 00 rorod
o’ 10 1 ¢ 1 ¢ 10 10 1
Tpy =4 (f+__(P+_2 (/2) +2u| — (§+__(p__ v +_2_‘/’ ) (10b)
or* ror r’ o6 r* 06> ror rorod r° 00
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We omit the time factor of e'®. Substituting Eqs. (3), (5), (7) and (8) into Egs. (9) and (10), we can
obtain the displacements of the matrix, coating and core.
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The corresponding stresses are

o) = 24 % Z( )G +iEY (B, )Kn)e‘"gf, (13a)
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where Efjk) , Mg“) are the contribution of various waves for stress and displacement, which are presented

in the Appendix.
Finally, at the interfaces m=a and n=>, the model assumes that tractions satisfy the Young-Laplace
equations and displacements are continuous across the interface.
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By boundary condition Eqs. (17)-(19) on the surface, using the orthogonality of €™, we obtained a set of
equations with the unknown coefficients.

> (7. ()M (ap)c, +7, (Ba)imt) (52)E,)

n=—0w
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3 Results and Discussion

We define the dynamic stress concentration factor (DSCF) as
(0)
o
DSCF = |- (29)

U(]

(0)
where Oy

in the propagation direction of P-wave.

To confirm our numerical results, comparisons with the published results for special cases under low
frequency incident waves are shown in Fig. 2. When the material properties of the coating and the core are
identical and d=0(e=0) the results for the P wave-induced DSCF are in good agreement with those
presented in [24].

is the bulk stress of the matrix material at interface n=a, o, = ,um) ﬁ'3¢0 is the stress intensity

1F = 5,70 5,=0.1—-—"50.5

DSCF

0/ n

Figure 2. Comparisons of our numerical results with the results of Ou et al. [24] at interface (mi=a) with various
values of S for the DSCF with ava=0.1, =1.1, zV/1"=0.2 and a1/ w=3.

To make the follow calculations tractable, we assume that the properties of the inclusion and matrix
were identical, but different from those of coating. Let n=a/b=2, ec=d/a-b.

3.1 The Effects of a Low Frequency Incident Wave with «a=0.1

In this case, the wavelength 4=207a of the incident wave is much larger than the radius of the coating and
core. The distributions of DSCF near the surface (r;=a) for different values of S, and /g are shown in
Fig. 3 and 4. It can be seen from Fig. 3 that results are significant for the effect of the interface stress on the
dynamic stress concentration. When S, increased, the DSCF decreased considerably around 6=2n/2, while
it slightly increased around 6=0 and @=tn. In Fig. 4, when the 4V/4% increased, the DSCF decreased
significantly around 6=#n/2, and slightly increased around 6=0 and 6@=zm. For softer inclusion
(1V/19<1), the maximum DSCF appeared at 0=+m/2. For hard inclusion (¢V/4%>1), the maximum
DSCF appeared at =0 and 6==m.
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Figure 3. Distribution of DSCF along interface (r1=a) with various values of S under awa=0.1, =2, e=0.5,

9/ 19=0.1, a1/ aw=3.
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DSCF

Figure 4. Distribution of DSCF along interface (117=a) with various values of /% under ava=0.1, $=0.1, n=2,
e=0.5.

3.2 The Effects of a High Frequency Incident Wave =7

In this case, the wavelength equals the diameter of the coated inclusion, Fig. 5 and 6 show the distribution
of DSCF along interface (r=a) near the coated inclusion, and the magnitude of the DSCF was generally
lower than that of a low frequency incident wave. Multiple peak values are excited along the interface due
to the interference between the incident and reflected waves. Fig. 5 shows that the maximum value of
DSCF continuously decreases with increasing S. For different ratio of shear moduli (zY/"), the
variation of the DSCF is show in Fig. 6. For softer inclusion (z9/4"<1), the ratio of shear moduli had
little influence on the DSCF; For hard inclusion (zV/g”>1), the maximum value of DSCF was smaller
than that of a hard inclusion, Different from the case of a low frequency incident wave. Fig. 7 shows that
DSCEF increased with the increased of eccentricity at €=%r/2. Fig. 8 shows that the distribution of image
is more complex than low frequency.
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DSCF

0/

Figure 5. Distribution of DSCF along interface (ri=a) with various values of S under aa=n, =2, e=0.5,
1/ 10=0.1, on/ =0.3.
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O/ n

Figure 6. Distribution of DSCF along interface (ri=a) with various values of £#V/4® under ava=0.1, $=0.5, n=2,
e=0.5, a1/ w=0.3.
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Figure 7. Distribution of DSCF along interface (r1=a) with various values of eccentricity under ava=0.1, =2, $=0.5,
1Y/ 1l9=10, a1/ o=0.3.
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Figure 8. Distribution of DSCF along interface (ri=a) with various values of eccentricity under ava=mn, =2, $=0.5,
1/ 9=10, e/ a=0.3.

4 Conclusion

Using the addition theorem and wave functions expansion method, the scattering of plane compressional
waves by a cylinder with an eccentric inclusion are investigated. The effects of wave number, surface
effects, softer /hard inclusion and eccentricity on dynamic stress concentration as the radius of the inclusion
reduce to the nanoscale are analyzed. We conclude that the interface effects become significant and are
taken into account as the radius of the inclusion is decreased to the nanoscale.
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Appendix

- (n2 +n—1/2 IBQTZ)Jn (ar)-ar],, (ar)
(nz +n—1/2 ﬂzrz)Hsl) (ar)- artl (ar)

(ar)
(ar)
(Br)=-(n’ +”)Jn (Br)+npri,_, (pr)
(5r)
(er)

(
= —(nz + n)HS) (ﬂr) + nﬁTHil,)l (ﬂr)
(
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EY (ar)=~(n* +n+1/2* - a2r2)H£1) (ar)+arg" (ar)
) (pr) = (n* +n) 1" (pr) - npri), (pr)

B (ar) = ~(n* +n)J, (ar)+narJ (ar)

Eﬁ (ar) = (n2 + n) ar + narH() (ar)

B (pr)==(n* +n-1/28)J (Br)+ pr] . (Br)

EQ (Br) == (n* +n-1/2) 1" (pr) + pri’, (pr)
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