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Fractional Charge of Quarks and Fractal Properties of Hadrons
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Abstract The origin of fractional charge of a quark is investigated considering the fractal structure
of a hadron. Hadron is suggested to be a fractal object with fractal dimension 9/2. Describing quark
as a quasiparticle in an analogy with quasi particle in Fractional Quantum Hall Effect, the filling
factors are extracted which show large fractional plateau. It is suggested that quarks behave like
quasi particles and the fractional charges of quarks can be attributed to the fractal behavior of a
hadron.
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1 Introduction

The origin of fractional charge of quarks and quasi particles is one of the most important topics of research
for a long time. The most well confirmed example of fractional charges of quasi particles are studied in
the context of Fractional Quantum Hall Effect (FQHE) [1]. This effect results from strong magnetic field
giving rise to fractionally charged quasi particles which carry currents. Chung [2] has investigated the
fractional charges in the context of integer-fraction principle of digital electronic charge which relates
the confinement and collectivity of fractional charges. There are a large number of efforts to confirm the
fractional charge experimentally but till now the results are null [3-6]. This is also interpreted as the
permanent confinement of quarks within the hadrons. Fractional charges of quasiparticles are studied by
Heiblum et al. [7] in the context of FQHE - liquid. They have suggested the charge as e* = e/3 with
filling factor v = 1/3. Patton et al. [8] have investigated the fractional charge of impurity bound state
in FQHE by exact diagonalisation of electron Green’s function. They have predicted that the fractional
charge is consistent with Laughlin [9] quasi particles where charges are given by e* = 0.31e for v = 1/3
and e* = 0.25e for v = 2/5. Zielke et al. [10] have calculated the co-tunnelling current for electrons that
tunnel between two quantum edges via a quantum dot and for the quasiparticles with fractional charges
e/4 and e/2 which tunnel through anti dot.

The dimensionality of a quantum system is a very important property which governs the dynamics
of the system itself. The electrons behave differently which includes Luttinger liquid in one (1D) and
the Fractional Quantum Hall Effect in two (2D) dimension. Three dimensional (3D) FQHE has been
studied by Halperin [11] theoretically which is recently observed experimentally by Tang et al. [12] in the
metal - insulator transition ZrTes. It is interesting to investigate the behavior of the quasi particles in
fractal dimension. The concept of fractal dimensions are now widely used to understand the properties
and dynamics of chaos, multi particle production, inflationary universe, information dimension and many
more [13-14]. The dimensionality and fractional charges of quasi particles are studied by a number of
authors. In the current work we have studied the fractional charges of quarks considering the fractal
dimension of hadrons. In our previous works we have studied the hadron properties describing it as
a fractal object with fractal dimension 9/2 [15-17]. We have suggested that each quark in presence of
the chromo-magnetic vacuum behaves like a quasi particle in an analogy with the quasi particles in
Fractional Quantum Hall Effect and their fractional charges can be attributed to the fractal dimension
of the hadrons.
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2 Formulation

The properties of a system depends strongly on the dimension of the system. For last few decades a
statistical model for hadron has been suggested which is widely used to study the properties of hadrons.
In this model a quark is supposed to be surrounded by a virtual sea of ¢ pair where the valence quark
only determine the quantum number of quark constituting the hadron. The most important prediction
of the statistical model is the prediction of fractal dimension of a hadron. The effective number density
of quarks are related to the square of the wave function and can be expressed as:

P(r) = Alrg — r)3/49(r —r) (1)

The wave function has a remarkable feature that it is non analytic in nature and shows scaling property.
The fractal dimension for hadron has been found to be D = 9/2 [16] when the topological dimension Dy
= 3. The fractal dimension indicates the measure of complexity of a system which can not be shown by
the integer dimensions. We have suggested that a quark behaves like a quasi particle in QCD vacuum
and can be represented by the wave function (1). The quasi particle wave function has been investigated
extensively in the context of FQHE. Laughlin [9] has suggested an elegant wavefunction of the ground
and the excited states of this new state of matter composed of dressed electrons considering the electron
interaction and explains the energy gap in FQHE which experiences the fractional interaction. The
ground state is separated by a gap A which is described by a unique wave function. The many body
variational trial collective wave function at a filling factor » = 1/m can be presented by taking the power
of polynomial that describes the filled Landau level and suggested to have the form:

bm = (2 — 20)*Pexp(—1/4|z|%) (2)

where ¢ describes N identical particles with charge Q = 2p. Jain [18] has pointed out that the fractional
filling factor can be explained by a Composite Fermion, which is a quasi particle described by transforma-
tion of properties of particles as a collective effect of attachment of flux quanta. The redefinition of the
wave function is required for describing a quasi particle. It is well known that the coulomb interaction
gives rise to a new set of energy gap occurring at a new filling factor. The gap is replaced by a new gap
with a filling factor

V*

= — 3

v 2pv* 41 (3)

For FQHE the ground state properties of these unique phases where the low excitations above ground

states are fractionally charged and the effective charge of the quasi particle with added extra magnetic
flux is given by:

*

% 14

= 2pv* +1 )
The equation (1) describes the wave function for a quark derived in the context of the statistical model.
We suggest that the quarks in the virtual sea of gg pairs behave like quasi particles in the presence of
chromo magnetic vacuum. The exponent of the wave function 3/4 is related to the Landau filling factor
as described in FQHE with 2p = 3/4. For any given value of charge, v* can be obtained which gives us
the values of quasi particle filling factor v* using equation (4). With input of the charge of u quark (Q
= 2/3) in (4), we have obtained v* = 4/3 with 2p = 3/4 from (1) whereas the charge of d quark (Q =
—1/3) quark yields v* = —4/15. So we find that a filling factor v* = 4/3 will generate a charge of the
quasiparticle 2/3 whereas v* = —4/15 generates charge of quasiparticle —1/3. The filling factor is defined
as electron to magnetic flux ratio in the context of FQHE. In the present investigation the exponent of
the statistical model wave function (1) for a quark is used to find the filling factor of fractional charges
of u and d quarks. The fractal dimension of hadron is suggested to be related to the fractional filling
factor of the quasi particles described by the wave function (1).

3 Conclusion

In the current work we have investigated the fundamental question of the origin of fractional charges of the
quarks. We have suggested that the quark behave as quasi particles in the presence of the QCD vacuum
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which possesses chromo-magnetic character. Statistical model wave function has an unique property of
describing fractal properties of quarks. We have used it as a trial wave function for quasi particles. It has
been suggested that the quasiparticle wave function is subjected to the fractional statistics [19]. Cruz [20]
has suggested that the fractal geometry of nature is manifested in the FQHE and the study of fractal
structure is important for deeper understanding of FQHE and the quantum path whereas Pal [13] has
argued that FQHE must be characterized by the fractal dimension and suggested a wave function which
describes a Laughlin type anyons for Housdorff dimension between 1 and 2. Yarlagadda [22] has derived
a wave function at a filling factor v = n/(2m+1) where the wavefunction is (2m+1)** power of exact
wave function for the n‘” filled Landau level. Jacak [21] has investigated fractional charges of quarks
from the holographic principle. Kempkes et al [14] have constructed an electron wave function in fractal
dimensions. In the current work the filling factor is extracted from the exponent of the wave function
in an analogy or suggestion of Laughlin wave function describing the quasi particle in the context of
FQHE. The wave function has remarkable feature that it is non analytic in nature and possesses scaling
properties. It is observed that filling factor 4/3 reproduces the charge of u’ quark whereas filling factor
—4/15 reproduces the charge of ’d’ quark. They represent the odd denominator plateau. For filling factor
4/15 (< 1), the lowest Landau level spin up is partially occupied whereas for the filling factor 4/3 (>
1), lowest Landau lavel with spin up is filled and the lowest Landau level with spin down is partially
occupied. It may be mentioned that initially there is appearance of the 1/3 plateau but with the concept
of the composite Fermion, the fractional plateaus with larger values are confirmed with most of them
having odd denominator. The understanding of FQHE with the fractal dimension of the quasi particles
are very interesting area and important for the understanding of the properties and dynamics of the
quantum paths. We have estimated the filling factors with the input of charge of the quarks along with
the input of the exponent of our trial wave function. The filling factor shows large fractional plateau
indicating the quasi particle behavior. It may be suggested that the fractal dimension of quarks is related
to the quasi particles behavior which may also be in turn responsible for the quark confinement.
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