
Families of rational solutions of order 5 to the KPI equation
depending on 8 parameters.

Pierre Gaillard

Institut de Mathématiques, Université de Bourgogne, Dijon, France
Email: Pierre.Gaillard@u-bourgogne.fr

Abstract In this paper, we go on with the study of rational solutions to the Kadomtsev-Petviashvili
equation (KPI). We construct here rational solutions of order 5 as a quotient of 2 polynomials of
degree 60 in x, y and t depending on 8 parameters. The maximum modulus of these solutions at
order 5 is checked as equal to 2(2N + 1)2 = 242. We study their modulus patterns in the plane
(x, y) and their evolution according to time and parameters a1, a2, a3, a4, b1, b2, b3, b4. We get
triangle and ring structures as obtained in the case of the NLS equation.
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1 Introduction

We consider the Kadomtsev-Petviashvili equation (KPI) in the following form

(4ut − 6uux + uxxx)x − 3uyy = 0, (1)

where subscripts x, y and t denote partial derivatives.
Kadomtsev and Petviashvili [1] first proposed this equation in 1970. This equation is a model for example,
for surface and internal water waves [2], and in nonlinear optics [3]. Zakharov extended the inverse
scattering transform (IST) to this KPI equation, and obtained several exact solutions.
The first rational solutions were found in 1977 by Manakov, Zakharov, Bordag and Matveev [4]. Other
researches were led and more general rational solutions to the KPI equation were obtained. We can
mention the following works by Krichever in 1978 [5], [6], Satsuma and Ablowitz in 1979 [7], Matveev
in 1979 [8], Freeman and Nimmo in 1983 [9], [10], Pelinovsky and Stepanyants in 1993 [11], Pelinovsky
in 1994 [12], Ablowitz and Villarroel [13], [14] in 1997-1999, Biondini and Kodama [15], [16], [17] in
2003-2007.

We recall the author’s results about the representations of the solutions to the KPI equation, first in
terms of Fredholm determinants of order 2N depending on 2N−1 parameters, then in terms of wronskians
of order 2N with 2N − 1 parameters. These representations allow to obtain an infinite hierarchy of
solutions to the KPI equation, depending on 2N − 1 real parameters .
Then we construct the rational solutions of order N depending on 2N − 2 parameters without presence
of a limit which can be written as a ratio of two polynomials of x, y and t of degree 2N(N + 1).
The maximum modulus of these solutions at order N is equal to 2(2N + 1)2. This method gives an infinite
hierarchy of rational solutions of order N depending on 2N − 2 real parameters. We construct here the
explicit rational solutions of order 5, depending on 8 real parameters, and the representations of their
modulus in the plane of the coordinates (x, y) according to the real parameters a1, b1, a2, b2, a3, b3, a4,
b4 and time t.
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2 Rational Solutions to the KPI equation of order N depending on 2N − 2
parameters

2.1 Fredholm Representation

One defines real numbers λj such that −1 < λν < 1, ν = 1, . . . , 2N depending on a parameter ε that will
be intended to tend towards 0; they can be written as

λj = 1− 2ε2j2, λN+j = −λj , 1 ≤ j ≤ N, (2)

The terms κν , δν , γν , τν and xr,ν are functions of λν , 1 ≤ ν ≤ 2N ; they are defined by the formulas :

κj = 2
√

1− λ2
j , δj = κjλj , γj =

√
1−λj
1+λj ,;

xr,j = (r − 1) ln γj−i
γj+i , r = 1, 3, τj = −12iλ2

j

√
1− λ2

j − 4i(1− λ2
j )
√

1− λ2
j ,

κN+j = κj , δN+j = −δj , γN+j = γ−1
j ,

xr,N+j = −xr,j , , τN+j = τj j = 1, . . . , N.

(3)

eν 1 ≤ ν ≤ 2N are defined in the following way :

ej = 2i
(∑1/2M−1

k=1 ak(je)2 k−1 − i
∑1/2M−1
k=1 bK(je)2 k−1

)
,

eN+j = 2i
(∑1/2M−1

k=1 ak(je)2 k−1 + i
∑1/2M−1
k=1 bk(je)2 k−1

)
, 1 ≤ j ≤ N,

ak, bk ∈ R, 1 ≤ k ≤ N − 1.

(4)

εν , 1 ≤ ν ≤ 2N are real numbers defined by :

ej = 1, eN+j = 0 1 ≤ j ≤ N. (5)

Let I be the unit matrix and Dr = (djk)1≤j,k≤2N the matrix defined by :

dνµ = (−1)εν
∏
η 6=µ

(
γη + γν
γη − γµ

)
exp(iκνx− 2δνy + τνt+ xr,ν + eν). (6)

Then we recall the following result :

Theorem 2.1 The function v defined by

v(x, y, t) = −2 |n(x, y, t)|2

d(x, y, t)2 (7)

where

n(x, y, t) = det(I +D3(x, y, t)), (8)

d(x, y, t) = det(I +D1(x, y, t)), (9)

and Dr = (djk)1≤j,k≤2N the matrix

dνµ = (−1)εν
∏
η 6=µ

(
γη + γν
γη − γµ

)
exp(iκνx− 2δνy + τνt+ xr,ν + eν). (10)

is a solution to the KPI equation (1), depending on 2N − 1 parameters ak, bk, 1 ≤ k ≤ N − 1 and ε.
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2.2 Wronskian Representation

We use the following notations :

φr,ν = sinΘr,ν , 1 ≤ ν ≤ N, φr,ν = cosΘr,ν , N + 1 ≤ ν ≤ 2N, r = 1, 3, (11)

with the arguments

Θr,ν = κνx
2 + iδνy − ixr,ν2 − i

τν
2 t+ γνw − i eν2 , 1 ≤ ν ≤ 2N. (12)

Wr(w) denotes the wronskian of the functions φr,1, . . . , φr,2N defined by

Wr(w) = det[(∂µ−1
w φr,ν)ν, µ∈[1,...,2N ]]. (13)

We consider the matrix Dr = (dνµ)ν, µ∈[1,...,2N ] defined in (10). Then we have the following statement :

Theorem 2.2 The function v defined by :

v(x, y, t) = −2 |W3(φ3,1, . . . , φ3,2N )(0)|2

(W1(φ1,1, . . . , φ1,2N )(0))2

is a solution to the KPI equation depending on 2N − 1 real parameters ak, bk 1 ≤ k ≤ N − 1 and ε, with
φrν defined in (11)

φr,ν(w) = sin(κνx2 + iδνy − ixr,ν2 − i
τν
2 t+ γνw − i eν2 ), 1 ≤ ν ≤ N,

φr,ν(w) = cos(κνx2 + iδνy − ixr,ν2 − i
τν
2 t+ γνw − i eν2 ), N + 1 ≤ ν ≤ 2N, r = 1, 3,

κν , δν , xr,ν , γν , eν being defined in(3), (2) and (4).

2.3 Rational Solutions

We recall the last result concerning the rational solutions to the KPI equation as a quotient of two
determinants.
We use the following notations :

Xν = κνx

2 + iδνy − i
x3,ν

2 − i τνt2 − i
eν
2 ,

Yν = κνx

2 + iδνy − i
x1,ν

2 − i τνt2 − i
eν
2 ,

for 1 ≤ ν ≤ 2N , with κν , δν , xr,ν defined in (3) and parameters eν defined by (4).
We define the following functions :

ϕ4j+1,k = γ4j−1
k sinXk, ϕ4j+2,k = γ4j

k cosXk,

ϕ4j+3,k = −γ4j+1
k sinXk, ϕ4j+4,k = −γ4j+2

k cosXk,
(14)

for 1 ≤ k ≤ N , and

ϕ4j+1,N+k = γ2N−4j−2
k cosXN+k, ϕ4j+2,N+k = −γ2N−4j−3

k sinXN+k,

ϕ4j+3,N+k = −γ2N−4j−4
k cosXN+k, ϕ4j+4,N+k = γ2N−4j−5

k sinXN+k,
(15)

for 1 ≤ k ≤ N .
We define the functions ψj,k for 1 ≤ j ≤ 2N , 1 ≤ k ≤ 2N in the same way, the term Xk is only replaced
by Yk.

ψ4j+1,k = γ4j−1
k sinYk, ψ4j+2,k = γ4j

k cosYk,
ψ4j+3,k = −γ4j+1

k sinYk, ψ4j+4,k = −γ4j+2
k cosYk,

(16)
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for 1 ≤ k ≤ N , and

ψ4j+1,N+k = γ2N−4j−2
k cosYN+k, ψ4j+2,N+k = −γ2N−4j−3

k sinYN+k,

ψ4j+3,N+k = −γ2N−4j−4
k cosYN+k, ψ4j+4,N+k = γ2N−4j−5

k sinYN+k,
(17)

for 1 ≤ k ≤ N .
Then we get the following result :

Theorem 2.3 The function v defined by :

v(x, y, t) = −2
|det((njk)j,k∈[1,2N])|2

det((djk)j,k∈[1,2N])2 (18)

is a rational solution to the KPI equation (1).

(4ut − 6uux + uxxx)x − 3uyy = 0,

where

nj1 = ϕj,1(x, y, t, 0), 1 ≤ j ≤ 2N njk = ∂2k−2ϕj,1
∂ε2k−2 (x, y, t, 0),

njN+1 = ϕj,N+1(x, y, t, 0), 1 ≤ j ≤ 2N njN+k = ∂2k−2ϕj,N+1
∂ε2k−2 (x, y, t, 0),

dj1 = ψj,1(x, y, t, 0), 1 ≤ j ≤ 2N djk = ∂2k−2ψj,1
∂ε2k−2 (x, y, t, 0),

djN+1 = ψj,N+1(x, y, t, 0), 1 ≤ j ≤ 2N djN+k = ∂2k−2ψj,N+1
∂ε2k−2 (x, y, t, 0),

2 ≤ k ≤ N, 1 ≤ j ≤ 2N

(19)

The functions ϕ and ψ are defined in (14),(15), (16), (17).

3 Explicit Expression of Rational Solutions of Order 5 Depending on 8
Parameters

In the following, we explicitly construct rational solutions to the KPI equation of order 5 depending on 8
parameters.
Because of the length of the expression, we cannot give it in this text. We only give the expression without
parameters in the appendix.

We give patterns of the modulus of the solutions in the plane (x, y) of coordinates in function of parameters
a1, a2, a3, a4, b1, b2, b3, b4 and time t.
When at least one parameter is not equal to 0, we observe the presence of 15 peaks. The maximum
modulus of these solutions is checked in this case N = 5, equal to 2(2N + 1)2 = 2× 112 = 242.

Figure 1. Solution of order 5 to KPI, on the left for t = 0; in the center for t = 0, 01; on the right for
t = 0, 1; all parameters equal to 0.
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Figure 2. Solution of order 5 to KPI, on the left for t = 0, 2; in the center for t = 20; on the right for
t = 50; all parameters equal to 0.

Figure 3. Solution of order 5 to KPI for t = 0, on the left for a1 = 104; in the center for b1 = 104; on the
right for a2 = 106; all other parameters equal to 0.

Figure 4. Solution of order 5 to KPI for t = 0, on the left for b2 = 106; in the center for a3 = 108; on the
right for b3 = 108; all other parameters equal to 0.
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Figure 5. Solution of order 5 to KPI for t = 0, on the left for a4 = 108; in the center for b4 = 108; on the
right for b4 = 108, sight on top; all other parameters equal to 0.

4 Conclusion

We obtain N -th order rational solutions to the KPI equation depending on 2N − 2 real parameters. These
solutions can be expressed in terms of a ratio of two polynomials of degree 2N(N + 1) in x, y and t.
The maximum modulus of these solutions is equal to 2(2N + 1)2. This gives a new approach to find
explicit solutions for higher orders and try to describe the structure of these rational solutions. Here, we
have given a complete description of rational solutions of order 5 with 8 parameters by giving explicit
expressions of polynomials of those solutions.
We construct the modulus of solutions in the (x, y) plane of coordinates; different structures appear. For
a given t, when one parameter grows and the other ones are equal to 0 we obtain triangular or rings or
concentric rings. There are four types of patterns. For a1 6= 0 or b1 6= 0, and other parameters equal to
zero, we obtain a triangle with 15 peaks. For a2 6= 0 or b2 6= 0, and other parameters equal to zero, we
obtain three concentric rings of 5 peaks on each of them. For a3 6= 0 or b3 6= 0, and other parameters
equal to zero, we obtain two concentric rings of 7 peaks on each of them with a central peak; in the last
case, when a4 6= 0 or b4 6= 0, and other parameters equal to zero, we obtain one ring with 9 peaks with
the lump L3 in the center.
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Appendix Because of the length of the complete expression, we only give in this appendix the explicit
expression of the rational solution of order 5 to KPI equation without parameters. They can be check via
: http://www.isaac-scientific.org/images/template/2017053115412040832.pdf
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